AUSLANDER REITEN DUALITY AND MAXIMAL MODIFICATIONS 
FOR NON-ISOLATED SINGULARITIES. 

OSAMU IYAMA AND MICHAEL WEMYSS 

Abstract. We first generalize classical Auslander-Reiten duality for isolated singu- 
larities to cover singularities with a one-dimensional singular locus. We then define the 
notion of CT modules for non-isolated singularities and we show that these are inti- 
mately related to noncommutative crepant resolutions (NCCRs). When R has isolated 
singularities, CT modules recover the classical notion of cluster tilting modules but 
in general the two concepts differ. Then, wanting to generalize the notion of NCCRs 
to cover partial resolutions of Spec R, in the main body of this paper we introduce a 

^*—s ' theory of modifying and maximal modifying modules for three-dimensional Gorenstein 

rings R. Under mild assumptions all the corresponding endomorphism algebras of the 
^. i maximal modifying modules are shown to be derived equivalent. We then develop a 

Q ■ theory of mutation for modifying modules which is similar but different to mutations 

\—^ ' arising in cluster tilting theory. The behavior of our mutation strongly depends on 

^— I _ whether a certain factor algebra is artinian — when it is not artinian our mutation 

Qv , may be the identity. 
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1. Introduction 

1.1. Motivation and History. One of the basic results in representation theory of com- 
mutative algebras is Auslander-Reiten (=AR) duality for isolated singularities, which 
gives us many important consequences, e.g. the existence of almost split sequences and 
the Calabi-Yau property of the stable categories of Cohen-Macaulay (=CM) modules 
over Gorenstein isolated singularities. One of the aims of this paper is to establish AR 
duality for singularities with one dimensional singular loci. As an application, the stable 
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categories of CM modules over Gorenstein singularities with one dimensional singular loci 
enjoy a generalized Calabi-Yau property. This is a starting point of our reseach to apply 
the methods of cluster tilting in representation theory to study singularities. 

One of the highlights of representation theory of commutative algebras is AR theory of 
simple surface singularities. They have only finitely many indecomposable CM modules, 
and the Auslander algebras (i.e. the endomorphism algebras of the direct sums of all 
indecomposable CM modules) enjoy many nice properties. If we consider singularities 
of dimension greater than two, then there are very few representation- finite singularities, 
and their Auslander algebras do not satisfy such nice properties. The reason is that the 
categories of CM modules do not behave nicely in the sense that the homological properties 
of simple functors corresponding to free modules are very hard to control. Motivated to 
obtain the correct category on which higher AR theory should be performed, in [IyaOT] the 
first author introduced the notion of a maximal n-orthogonal subcategory and maximal 
n-orthogonal module for the category mod A, later renamed cluster tilting subcategories 
and cluster tilting modules respectively. Just as classical AR theory on mod A was moved 
to AR theory on CM A following the work of Auslander on the McKay correspondence for 
surfaces A [Aus86] , this suggests that in the case of a higher dimensional CM singularity 
R we should apply the definition of a maximal n-orthogonal subcategory /modules to 
CM R and hope that this provides a suitable framework for tackling higher-dimensional 
geometric problems. Strong evidence for this is provided when R is a three dimensional 
normal isolated Gorenstein singularity, since in this case it is known that such objects 
have an int imate relationship with Van den Bergh's noncommutative crepant resolutions 
(NCCRs) [IR08, 8.13]. Requiring R to be isolated is absolutely crucial to this relationship 
(by normality the singularities are automatically isolated in the surfaces case); from an 
algebraic perspective this perhaps should not be surprising since AR theory only works 
well for isolated singularities. It turns out that the study of maximal ?i-orthogonal modules 
in CM R is not well-suited to non-isolated singularities since the Ext vanishing condition 
is far too strong; the question arises as to what subcategories of CM R should play the 
role of the maximal n-orthogonal subcategories above. 

Although in this paper we answer this question, in fact we say much more. Philo- 
sophically, the point is that we are asking ourselves the wrong question. The restriction 
to studying maximal orthogonal modules is unsatisfactory since crepant resolutions need 
not exist (even for 3-folds) and so we develop a theory which can deal with singularities 
in the crepant partial resolutions. Since the endomorphism rings of maximal orthogonal 
modules have finite global dimension, these will not do the job for us. 

We introduce the notion of maximal modifying modules (see 1.11 below) which in- 
tuitively we think of as corresponding to shadows of maximal crepant partial resolutions. 
Geometrically this level always exists, but only sometimes will it be smooth. View regards 
to this viewpoint maximal modifying modules are a more natural class of objects to work 
with compared to noncommutative crepant resolutions; we should thus always work in 
this level of generality and simply view the case when the geometry is smooth as being 
a happy coincidence. Pushing this philosophy further, everything that we are currently 
able to do with NCCRs we should be able to do with maximal modifying modules, and 
this motivates much of the work in this paper. 

In fact in many regards restricting our attention to only studying maximal crepant 
partial resolutions misses much of the picture and so we should (and do) work even more 
generally. When one wants to flop curves between varieties with canonical singularities 
which are not terminal this does not take place on the maximal level but we should still 
be able to understand this homologically. This motivates our definition and the study of 
modifying modules (see 1.11 below). Viewing our modifying modules M as conjectural 
shadows of partial resolutions we should thus be able to track the birational transforma- 
tions between the geometrical spaces by using some kind of homological transformation 
between the corresponding modifying modules. This leads us to develop a theory of 
mutation for modifying modules, which we do in Section 6. 

For the algebraists, we remark that in moving from isolated to non-isolated singular- 
ities we must give up the idea of rigidity and so our theory of mutation loses some of the 
fundamental features from the world of clusters, such as the unique exchange property. 
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Certain aspects remain however; for example mutating twice at the same vertex always 
returns us to the original position and furthermore our mutation induces canonical de- 
rived equivalences between the corresponding endomorphism rings. We believe that it 
is precisely the lack of unique exchange together with the induced derived equivalences 
that provides the level of freedom which is required if the theory is to match (and in fact 
imply) what is occurring geometrically. 

Although in this paper we are principally interested in the geometrical and commu- 
tative algebraic statements, the proofs of our theorems require a slightly more general 
noncommutative setting. For this reason we deal with noncommutative d-CY~ algebras 
A (see §2.4) as a generalization of commutative Gorenstein d-dimensional rings. By doing 
this we increase the technical difficulty, but we emphasize that we are unable to prove the 
purely commutative statements without passing to the noncommutative world. 

We now describe our results rigorously, and in more detail. 

1.2. Auslander Reiten Duality for Non-Isolated Singularities. Throughout this 
subsection let R be an equi-codimcnsional (see 1.2 below) CM ring of dimension d with a 
canonical module u> R . Recall that for a non-local CM ring R, a finitely generated i?-module 
Wij is called a canonical module if {ojR) m is a canonical i? m -module for all m G Maxi? [BH, 
3.3.16]. In this case (wr) p is a canonical i? p -module for all p e Speci? since canonical 
modules localize for local CM rings [BII, 3.3.5]. 

We denote CMi? to be the category of CM R- modules (see §2.1), CMR to be the 
stable category and CMR to be the costable category. The AR translation is defined to be 

r := Rom R (n d Tr(-), ur) : CM R -> CMR, 

When R is an isolated singularity one of the fundamental properties of the category CM R 
is the existence of Auslander-Reiten duality [Aus78, 8.8] [AR], namely 

Rom R (X,Y) = DExt R (Y,rX) 

for all X, Y e CMi? where D is the Matlis dual (see §3). We generalize this to mildly 
non-isolated singularities by proving the following theorem: 

Theorem 1.1. (=3.1) Let R be a d- dimensional, equi-codimensional CM ring with a 
canonical module uj r and singular locus of Krull dimension less than or equal to one. 
Then there exists a functorial isomorphism 

f\ Uom R (X.Y) = D(fiExt l R (Y,TX)) 

for all I,Fe CM R, where for an R-module M we denote fl M to be the largest finite 
length R-submodule of M . 

In fact we prove 3.1 in the setting of noncommutative i?-orders (see §3 for precise 
details). In the above and throughout this paper, for many of the global- local arguments 
to work we often have to add the following mild technical assumption. 

Definition 1.2. A commutative ring R is equi-codimensional if all its maximal ideals 
have the same height. 

Although technical, such rings are very common; for example all affine domains are 
equi-codimensional [Ei95, 13.4]. Since our main applications are three-dimensional normal 
affine domains, in practice this adds no restrictions to what we want to do. We will use 
the following well-known property [Mat, 17.3(i), 17.4(ii)]: 

Lemma 1.3. Let R be an equi-codimensional CM ring, and let p S Speci?. Then 

ht p + dim R/p = dim R. 

The above generalized Auslander-Reiten duality implies the following generalized 
2-Calabi-Yau property of the triangulated category CM R. 

Corollary 1.4. (=3.8) Let R be a normal, 3- dimensional, equi-codimensional Gorenstein 

ring. Then 

(1) There is a functorial isomorphism 

fl Extfl(X, Y) = D(fl Ext^(F, X)) 
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for allX,Y e CMR. 

(2) Rom R (X,Y) E CMR if and only ifRom R (Y,X) E CUR. 

Note that 1-4(2) also holds for arbitrary dimension (see 2.8). This symmetry in the 
Horn groups gives us the technical tool we require to move successfully from the cluster 
tilting level to the maximal modification level below, and is entirely analogous to the 
symmetry given by [CB, Lemma 1] as used in the work of Geiss-Leclerc-Schroer [GLS]. 

1.3. Maximal Modifications and NCCRs. Here we introduce our main definitions, 
namely modifying, maximal modifying and CT modules, and then survey our main results. 
Throughout, an i?-algebra is called module finite if it is a finitely generated i?-modulc. 
Recall [Aus78, Aus84, CR90]: 

Definition 1.5. Let R be a CM ring and let A be a module finite R-algebra. We say 

(1) A is an i?-order if A £ CMR. 

(2) An R-order A is non-singular if gl.dimAp = dimi?p for all primes p of R. 

(3) An R-order A has isolated singularities if Ap is a non-singular Rp- order for all non- 
maximal primes p of R. 

In the definition of non-singular i?-order above, gl.dimA p = dimi?p means that 
gl.dimAp takes the smallest possible value. In fact for an i?-order A we always have 
that gl.dimAp > dimi? p := t p for all primes p of R since proj.dim A Ap/(x\, ...,xt p )A p > 
dim R p for a A p -regular sequence xi,...,Xt p . 

Throughout this paper we denote (— )* := Hom^(— ,R) : modi? — > modi? and we 
say that X E mod i? is reflexive if the natural map X — > X** is an isomorphism. We 
denote ref i? to be the category of reflexive i?-modules. By Serre, when i? is a normal 
domain the category ref i? is closed under both kernels and extensions. 

Definition 1.6. Let R be CM, then by a noncommutative crepant resolution (NCCR) of 
R we mean T := End^(Ai) where M E ref i? is non-zero such that T is a non-singular 
R-order. 

We show in 2.14 that under very mild assumptions the condition in 1.5(2) can in 
fact be checked at only maximal ideals, and we show in 2.19 that 1.6 is equivalent to the 
definition of NCCR due to Van den Bergh [V04b] when i? is a Gorenstein normal domain. 
Recall the following: 

Definition 1.7. Let A be a ring. We say that an A-module M is a generator if M 
contains A as a summand. 

Motivated by wanting a characterization of the reflexive generators which give NC- 
CRs, we define: 

Definition 1.8. Let R be a d- dimensional CM ring with a canonical module u) R . We call 
M € CM R a CT module if 

addM = {X e CMR : Uom R {M,X) E CMi?} = {X E CMR : Uom R (X,M) E CMi?}. 

Clearly a CT module is always a generator and cogenerator (i.e. it contains both 
i? and u R as summands). We show in 5.16 that this recovers the established notion of 
maximal 1-orthogonal modules when i? is 3-dimensional and has isolated singularities. 
The following result is shown in [Iya07, 2.5] under the assumption that G is a small 
subgroup of GL(d, k) and S is an isolated singularity. We can drop both assumptions 
under our definition of CT modules: 

Theorem 1.9. (=5.9) Let k be a field of characteristic zero and let S := fc[[xi, . . . ,Xd]] 
be the formal power series ring. For an arbitrary finite group G together with a group 
homomorphism G — > Autfc_ a i g (S l ), let R := S G . Then S is a CT R-module. 

One of our main results involving CT modules is the following, where part (2) answers 
a question of Van den Bergh. 

Theorem 1.10. (=5.12) Let R be a 3-dimensional Gorenstein equi-codimensional normal 

domain. Then 

(1) CT modules are precisely those reflexive generators which give NCCRs. 
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(2) R has a NCCR ^=> R has a NCCR given by a CM generator M <=> CM R 
contains a CT module. 

However R need not have a NCCR so we must weaken the notion of CT module and 
allow for our endomorphism rings to have infinite global dimension. We do so as follows: 

Definition 1.11. Let R be a d- dimensional CM ring. We call N £ ref R a modifying 
module if 'End/? (TV) £ CMR, whereas we call N a maximal modifying (MM) module if 
N is modifying and furthermore it is maximal with respect to this property, that is to say 
if there exists X £ ref R with N ® X modifying, necessarily X £ addiV. Equivalently, we 
say N is maximal modifying if 

add TV = {X £ ref R : Rom R (N ®X,N®X)£ CMR}. 

If N is a MM module, we call End/j(iV) a maximal modification algebra. 

When R is 3-dimensional with isolated singularities we show in 5.16 that modifying 
modules recover the established notion of rigid modules, whereas MM modules recover 
the notion of maximal rigid modules. However, other than pointing out this relationship 
(in §5.2), throughout we never assume that R has isolated singularities. 

We prove that when R has a NCCR the maximal modifying modules in fact charac- 
terize NCCRs: 

Proposition 1.12. (=5.14) Let R be a 3-dimensional Gorenstein equi-codimensional 
normal domain, and assume that R has a NCCR (equivalently, by 1.10, a CT module). 
Then 

(1) MM modules are precisely the reflexive modules which give NCCRs. 

(2) MM modules which are CM (equivalently, by ^.2, the MM generators) are precisely 
the CT modules. 

(3) CT modules are precisely those CM modules which give NCCRs. 

The point is that R need not have a NCCR and our definition of maximal modification 
algebra is strictly more general. Throughout this paper we freely use the notion of a tilting 
module which we always assume has projective dimension less than or equal to one: 

Definition 1.13. Let A be a ring. Then T £ mod A is called a tilting module if 
proj.dim A T < 1, Ext A (T, T) = and further there exists an exact sequence 

O-J-A-^Ib-J-IWO 

with each Ti £ addT. 

Our next result details the relationship between modifying and maximal modifying 
modules on the level of derived categories. 

Theorem 1.14. (=4- 9) Let R be a 3-dimensional Gorenstein equi-codimensional normal 
domain with MM module M . Then 

(1) If N is any modifying module then the partial tilting Endi?(M) -module T := Hoitir(M, N) 
induces a recollement [BED] 

U t^ D(ModEnd fl (Af)) -f^ D(ModEnd J? (iV)) 

where F = RHom(T, — ) and U is a certain triangulated subcategory o/D(ModEnd^(M )). 

(2) If further N is maximal modifying then the above functor F is an equivalence. 

Recall that two rings A and B are said to be derived equivalent if D (Mod End^j (N) ) rs 
D(ModEnd^(M)) [R89]. Theorem 1.14 now immediately gives the following, which we 
view as the noncommutative analogue of a result of Chen [C02]. 

Corollary 1.15. Let R be a 3-dimensional Gorenstein equi-codimensional normal domain 
with a MM module. Then all maximal modification algebras are derived equivalent. 

In our study of modifying modules, reflexive modules over noncommutative i?-algebras 
play a crucial role. 

Definition 1.16. Let R be any commutative ring. If A is any R-algebra then we say that 
M £ mod A is a reflexive A-module if it is reflexive as an R-module. 
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Note that we do not require that the natural map M —>■ Hom^c^Hom^M, A), A) 
is an isomorphism however when A is 3-CY - (see §2.4) and M is a reflexive A-module, 
automatically it is. Our main theorem regarding maximal modifying modules is the 
following remarkable relationship between modifying modules and tilting modules. Note 
that (3) below says that R has a maximal modification algebra if and only if it has a 
maximal modification algebra End^(iV) where N is a CM generator, a generalization of 
1.10(2). 

Theorem 1.17. (=4-15, 4-16) Let R be a 3 -dimensional Gorenstein equi-codimensional 
normal domain with a maximal modifying module M . Then 

(1) The functor Hom R (M , — ) : modi? — > modEnd^M) induces bijections 

{maximal modifying R-modules} <;— > {reflexive tilting End^(M) -modules} . 

{modifying R-modules} <— > {reflexive partial tilting End#(Af )-modules}. 

(2) N is modifying <^=> TV is the direct summand of a maximal modifying module. 

(3) R has a MM module containing R as a summand. Necessarily this is CM. 

1.4. Mutation of Modifications. Let R be a normal, Gorenstein, three-dimensional, 
equi-codimcnsional ring. We introduce categorical mutations as a method of producing 
modifying modules from a given one. Recall: 

Definition 1.18. For R-modules M and N , we say that a morphism f : No — > M is a 
right add iV-approximation if Nq £ add N and further 

Uom R (N, N ) A Eom R (N, M) -> 
is exact. Dually we define a left add N- approximation. 

Now for a given modifying module M, and N such that ^ add TV C addM we 
consider 

(1) a right add iV-approximation of M, denoted No — > M. 

(2) a right add ^-approximation of M*, denoted N* -> M*. 

Note that the above a and b are surjective if N is a generator. In what follows we denote 
the kernels by 

-> K A N a A M and O^iCjA N{ A M* 
and call these exchange sequences. 

Definition 1.19. With notation as above, we define the right mutation of M at N to be 
Hn{M) := N I<o and we define the left mutation of M at N to be Vn{M) :— N © K*. 

Note that by definition v N (M) = (/j, N *(M*))*. 

Proposition 1.20. (=6.2, 6.4) (1) Both /ipf(M) and v^(M) are modifying R-modules. 
(2) /i and v are mutually inverse operations, i.e. we have that vn(pn(M)) = M and 
Hn(vn{M)) = M, up to additive closure. 

Under fairly weak assumptions it turns out that left mutation is the same as right 
mutation. If ^ add N C add M then we define [N] to be the two-sided ideal of Endfl(M) 
consisting of morphisms M — > M which factor through a member of add N. Our first main 
theorem is the following: 

Theorem 1.21. (=6.6, 6.8) Suppose R is a 3-dimensional Gorenstein equi-codimensional 
normal domain with modifying module M. Suppose ^ addiV C addM. Denote A = 
Endfl(M), and define Ajy := A/[N]. If Ajv is artinian then 

(1) vpj(M) is also a modifying module. Further 

(a) If M is maximal modifying then vjq (M) is maximal modifying. 

(b) IfEnd R (M) is a NCCR then End R (v N (M)) is a NCCR. 

(c) If M is a CT module and N is a generator then v^{M) is a CT module. 

(2) //add N ^ addM then v N {M) ^ M. 

(3) End/j(M) and Endij(i^i\r(M)) are derived equivalent. 

An identical statement holds throughout if we replace un(M) by jUjy(M). 
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Note that when R is finitely generated over a field k, Ajv is artinian if and only if it 
is finite dimensional over k (see 6.7). We emphasize that in our proofs, the homological 
algebra always splits into two cases depending on whether or not An is artinian. The 
above 1.21 covers the case when Ajv is artinian, whereas the case when Ajy is not ar- 
tinian is a little more tricky. Nevertheless for maximal modifying modules the picture 
remains remarkably clear, provided that R is complete local and we mutate at only one 
indecomposable summand at a time: 

Theorem 1.22. (=6.14) Suppose R is a complete local normal three-dimensional Goren- 
stein ring with maximal modifying module M. Denote A = End^(M), let Mi be an 
indecomposable summand of M and consider Aj := A/A(l — e^)A where e, is the idempo- 
tent in A corresponding to Mi. To ease notation denote m = [im_ and Vi = vm_. Then 

(1) If hi is not artinian then jj,i(M) = i>i(M) = M. 

(2) If hi is artinian then fj,i(M) = Vi(M) and this is not equal to M. 
In either case denote \ii := fa = Vi then it is also true that 

(3) mm(M) = m. 

(4) Hi(M) is a maximal modifying module. 

(5) End^(Af) and End^(^(M)) are derived equivalent, via the tilting Endjj(M) -module 
Rom R (M,^(M)). 

We note that as in the above setup with R a Gorenstein normal 3-fold, a special case 
of 1.21 and 1.22 is, by 1.12, when Endfl(M) is an arbitrary NCCR. Thus the above allows 
us to mutate any NCCR at any vertex, in particular the NCCR may be given by a quiver 
with relations where the quiver has both loops and 2-cycles. This situation happens very 
frequently in the study of one-dimensional fibres, where this form of mutation seems to 
have geometrical consequences. 

We also point out that our mutation is a property of the algebra and not just the 
quiver. Under certain assumptions the quiver of the mutation is given geometrically in 
terms of some form of reconstruction, but note that in this level of generality a simple 
combinatorial rule (a la Fomin-Zelevinsky mutation) is too optimistic a hope. We do not 
mention quivers with potentials since we deal with algebras which in general may have 
infinite global dimension and so may have many more relations than arrows. 

1.5. Conventions. We now state our conventions. All modules will be left modules, so 
for a ring A we denote mod A to be the category of finitely generated left A-modules. 
Throughout when composing maps fg will mean / then g, similarly for quivers ab will 
mean a then b. Note that with this convention HoniR(M, X) is a End/?(M)-module and 
Rom R (X,M) is a End fl ,(A<f) op -module. For M £ mod A we denote addM to be the full 
subcategory consisting of summands of finite direct sums of copies of M and we denote 
proj A := add A to be the category of finitely generated projective A-modules. Throughout 
we will always use the letter R to denote some kind of commutative noetherian ring. We 
always strive to work in the global setting, so we write (R, m) if R is local. 

2. Preliminaries 

2.1. Depth and CM Modules. Here we record the preliminaries we shall need in sub- 
sequent sections, especially some global-local arguments that will be used extensively. For 
a commutative noetherian local ring (R, m) and M S mod R recall that the depth of M 
is defined to be 

depths M := inf{i > : Ext R (R/m, M) ^ 0}, 

which coincides with the maximal length of a M-regular sequence. Keeping the assump- 
tion that (R, m) is local we say that M £ mod R is maximal Cohen- Macaulay (or simply, 
CM) if depth fl M = dimR. This definition generalizes to the non-local case as follows: if 
R is an arbitrary commutative noetherian ring we say that M £ mod R is CM if M p is 
CM for all prime ideals p in R, and we say that R is a CM ring if R is a CM i?-module. 
It is often convenient to lift the CM property to noncommutative rings, which we do 
as follows: 
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Definition 2.1. Let A be a module-finite R-algebra, then we call M £ modA a CM A- 
module if it is CM when viewed as an R-module. We denote the category of CM A-modules 
by CMA. 

To enable us to bring the concept of positive depth to non-local rings, the following 
is convenient: 

Definition 2.2. Let R be commutative, M £ modi?. We denote f I M to be the unique 
maximal finite length R-submodule of M . 

It is clear that fl M exists because of the noetherian property of M; when (R, m) is 
local flAf = {x € M : 3 r 6N with m r x — 0}. The following is well-known. 

Lemma 2.3. Let (R, m) be a local ring of dimension d > 2 and let A be a module finite R- 
algebra. Then for all M,N £ modA with depih R N > 2 we have depth fl HoniA (M,iV) > 
2. 

Proof. A a -)• A fc -)• M -> gives -► Hom A (M,N) -^ N b ^ N a so the result follows 
from the depth lemma. □ 

In particular if depth R > 2 then reflexive i?-modules always have depth > 2. 

Lemma 2.4. Suppose R is a d-dimensional CM ring with d > 2 and let A be a module 
finite R-algebra. For any X £ ref A we have X p £ CM A p for all p £ Speci? with htp < 2. 

Proof. Since X is reflexive as an i?-modulc we can find an exact sequence — > X — > P — > Q 
with P,Q £ addi? and so on localizing we see that X p is a second syzygy for all primes p. 
Consequently if p has height < 2 then X v is a second syzygy for the CM ring R p which 
has dimi? p < 2 and so X p £ CMR p . □ 

2.2. Reflexive Equivalence and Symmetric Algebras. Here we introduce and fix 
notation for reflexive modules and symmetric algebras. All the material in this subsection 
can be found in [IR08]. Recall from the introduction (1.16) our convention on the definition 
of reflexive modules. Recall also that if A is a module finite i?-algebra, we say M £ 
ref A is called a height one progenerator (respectively, height one projective) if M p is a 
progenerator (respectively, projective) over A p for all p £ Speci? with htp < 1. 

In this paper, when the underlying commutative ring R is a normal domain the 
following reflexive equivalence is crucial: 

Lemma 2.5. If A is a module finite R-algebra, then 

(1) If M £ modA is a generator then HomA(Af, — ) : modA —¥ nrodEndA(M) is fully 
faithful, restricting to an equivalence add M — » proj End/y(M ). 

If further R is a normal domain, then the following assertions hold. 

(2) Hom\(X,Y) £ ref R for any X £ modA and any Y £ ref A. 

(3) Every non-zero M £ ref R is a height one progenerator. 

(4) Suppose A is a reflexive R-module and let M £ ref A be a height one progenerator. 
Then HomA(M, — ) : ref A — > ref EndA(Af) is an equivalence. In particular Homn(N, — ) : 
ref R — ► ref Endij(iV) is an equivalence for all N £ ref R. 

Proof. (1) is standard. 

(2) is very easy; see [IR08, 2.4(1)]. 

(3) If p is a height one prime then by 2.4 M p £ CM R p . But R is normal so R p is regular; 
thus M p is free. 

(4) follows by (3) and [RV89] (see also [IR08, 2.4(2) (i)]). □ 

The following lemma is convenient and will be used extensively. 

Lemma 2.6. Let R be a 3- dimensional, equi-codimensional CM ring and let A be a module 
finite R-algebra. If X £ modA and Y £ ref A then 

Hom A (X, Y) £ CM R =>- fl Ext A (X, Y) = 0. 

If further Y £ CMA then the converse holds. 
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Proof. (=>■) For each m G Maxi? there is an exact sequence 

-> Hom A (A, Y) m H Hom A (P, Y) m -)■ Hom A (ftX, F) m -)• Ext A (A, F) m -> (2.A) 

obtained by localizing the exact sequence obtained from — > flX — > P — >• X — > with P G 
add A. Now depth flm Hom Am (A m , Y m ) = 3 and further by 2.3 depth flm HoniA m (P m , Y m ) > 

2, thus depth flm Cok/ m > 2. Since again by 2.3 depth^ Hom Am (SlA m , Y m ) > 2, we 
conclude that depth flm Ext Am (X m , Y m ) > for all m £ Maxi? and so fl Ext A (A, Y) = 0. 
(<$=) Suppose now that Y G CM A. Then in (2 A) depth^ HoniA m (P m , Y m ) = 3 and so by 
a similar argument depth^ Ext A (A m , Y m ) > implies that depth^ Hom Am (A m , Y m ) = 

3. * "" "" ^ ' D 

Definition 2.7. Let A be a module-finite R-algebra where R is an arbitrary commutative 
ring. We call A a symmetric i?-algebra i/Hom#(A, R) = A as A-bimodules. We call A a 
locally symmetric -R-algebra if A p is a symmetric Rp-algebra for all p € Speci?. 

Note that if A is a symmetric i?-algebra then as functors mod A — > mod A op 

Hom A (-, A) S HomA(-,Hom fi (A, R)) = Hom fl (A®A -,R) = B.om R (-,R). 

We have the following well-known observation. 

Lemma 2.8. Let R be a normal domain and A be a symmetric R-algebra. Then there is 
a functorial isomorphism Hoia/^(X,Y) = HomjyiY, X)* for all X, Y G ref A such that Y 
is height one projective. 

Proof. For the convenience of the reader, we give a detailed proof here. We have a natural 
map / : HomA(F, A) ® A X — > Hom\(Y, X) sending a ® X to (y i-> a(y)x). Consider the 
map /* : HohiaIT, A)* — > (HoniA(T, A) ®a A)* between reflexive i?-modules. Since Y is 
height one projective, f v and (/*)p are isomorphisms for any prime p of height at most 
one. Thus /* is an isomorphism since R is normal. Thus we have 

/* 
Hom A (T, X)* S (Hom A (T, A) ® A A)* ^ (F* ® A A)* £ Hom A (A, F**) S Hom A (A, V) 

as required. D 

This immediately gives the following result, which implies that symmetric algebras 
are closed under reflexive equivalence. 

Lemma 2.9. [IR08, 2.4(3)] If A is a symmetric R-algebra then so is End A (M) for any 
height one projective M G ref A. In particular if R is a normal domain and N G rcfi? 
then Endjj(A) is a symmetric R-algebra. 

2.3. Non-Singular and Gorenstein Orders. Recall from 1.5 the definition of a non- 
singular i?-order. By definition the localization of a non-singular i?-order is again a 
non-singular R order — we shall see in 2.14 that in most situations we may check whether 
an algebra is a non-singular i?-order by checking only at the maximal ideals. 

For some examples of non-singular i?-orders, recall that for a ring A and a finite group 
G together with a group homomorphism G — > Autfc_ a i g (A), we define the skew group ring 
AffG as follows [Aus86, Yos90]: As a set, it is a free A-module with the basis G. The 
multiplication is given by 

{S9){s'g'):={s-g{s')){gg') 

for any s, s' G S and <?, g' G G. 

This gives us a lot of examples of non-singular orders by the following result. 

Lemma 2.10. Let R be a CM ring containing a field k. Let A be a non-singular R-order, 
let G be a finite group together with a group homomorphism G — > Aut^_ a i g (A) and suppose 
| G\ t^ in k. Then A^=G is a non-singular R-order. 

Proof. Since A#G is a direct sum of copies of A as an i?-module and A G CM R, we have 
A#GGCMi?. 

Let A, Y G mod A#G. Then G acts on Hom A (A, Y) by 

{9f){x):=g-f{g- l x) 
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for all g G G, f G HoniA(X, Y) and igl. Clearly we have a functorial isomorphism 

Hom A#G (X, Y) = Hom A (X, Y) G 

for all X,Y € mod A#G. The G-invariant (— ) is an exact functor since kG is semisimple. 
Thus we have a functorial isomorphism 

Ext A#G (X,r) = Ext A (X, Yf 

for all I,7e modA^G and z > 0. In particular, gl.dimA#G < gl.dimA holds, and we 
have the assertion. □ 

Lemma 2.11. Non-singular R-orders are closed under Morita equivalence. 

Proof. Suppose A is a non-singular i?-order and T is Morita equivalent to A. Then A p 
is Morita equivalent to r p for all primes p. Thus since global dimension passes across 
Morita equivalence we have gLdimTp = gl.dimAp = dimi? p for all primes p. To see why 
the CM property passes across the Morita equivalence let P denote the progenerator in 
mod A such that T = End A (P). Since P is a summand of A™ for some n we know that T 
is a summand of End A (A n ) = M„(A) as an i?-module. Since A is CM, so is T. □ 

Recall from the introduction (§1.2) the definition of a canonical module cjJr for a 
non-local CM ring R. If A is an i?-order we have an exact duality 

Hom R {-,u R ) : CM A o CM A op 

and so the A-module cj a := Honifl(A, ui R ) is an injective cogenerator in the category 
CM A. 

Definition 2.12. [CR90, GN02] Assume R has a canonical module uj r . An R-order A 
is called Gorenstein i/wa is a projective A-module. 

It is clear that if A is a Gorenstein i?-order then A p is a Gorenstein i? p -order for all 
p G Speci?. Moreover one can show that A is Gorenstein •£=> add A = addw A ^=^ 
A op is Gorenstein by using 4.11 and reducing to the complete local case. If A is 3-CY - 
(see §2.4) we shall see in 2.17 that A is a Gorenstein order. 

When R is local, Gorenstein i?-orders A are especially important since we have the fol- 
lowing Auslander-Buchsbaum type equailty, which in particular says that the A-modules 
which are CM as i?-modules are precisely the projective A-modules. 

Lemma 2.13. Let (-R, m) be a local CM ring with a canonical module lor and let A be a 
Gorenstein R-order. Then for any X e mod A with proj.dim A X < oo. 

depth^ X + proj.dim A X = dim R. 

Proof. Let A be a A-module with proj.dim A X < oo. 

(i) We will show that if X e CM A then X is projective. We know that Ext A (— , wa) = 

on CM A for all i > since u>a is injective in CM A. Since A is Gorenstein we have 

Ext A (-, A) = on CM A for all i > 0. Since Ext A (A, A) ^ for n = proj.dimA, we have 

that X is projective. 

(ii) Let n = proj.dimA' and t = depth A. Take a minimal projective resolution 

-> P n -> . . . -> P -> X -)■ 0. 

By the depth lemma necessarily t > d — n. On the other hand by the depth lemma we have 
ri d ~ l X e CM A. By (i) we know n d ~ f X is projective so n < d - t. Thus d = n + t. □ 

The following result is well-known to experts [Aus84] . 

Proposition 2.14. Let A be an R-order where R is a CM ring with a canonical module 
U)r. Then the following are equivalent: 

(1) A is non-singular. 

(2) gl.dimA m = dimi? m for all m G Max_R. 

(3) CMA^projA. 

(4) A is Gorenstein and gl.dimA < oo. 
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Proof. (l)=£-(2) Immediate. 

(2)=*-(3) Let X G CM A. Then X m G CM A m . Let x\, . . . ,Xd be a X m -regular sequence 

with d = dimi? m . Then we have proj.dim Am {X m /(x\, . . . , Xd)X m ) = proj.dim Am X m + d. 

This implies X m is a projective A m -module for any m G MaxR. Thus X is a projective 

A-module (see 4.11). 

(3)^(4) We have w A G CM A = proj A. Since fl d X G CM A = proj A for any X G mod A, 

we have gl.dimA < d. 

(4)=>(1) Pick p G Speci? and suppose Y G modA p . By Auslander-Buchsbaum 2.13 

proj.dim A Y < dimi? p and so gl.dimAp < dimi? p . Since A p is an i? p -order, gl.dimAp > 

dim i? p . □ 

2.4. d-CY" Algebras. Throughout this paper we shall freely use the notion of d-CY and 
d-CY" as in [IR08, §3]: let R be a commutative noetherian ring with dimi? = d and let 
A be a module-finite i?-algebra. For any X G mod A denote by E(X) the injective hull of 
X, and put E := ® m eMax RE(R/xn). This gives rise to Matlis duality D := HomB(-,£) 
(see for example [ , §1]). Matlis duality always gives a duality from the category of 
finite length i?-modules to itself. This is true without assuming that R is (semi-)local 
because any finite length i?-modulc is the finite direct sum of finite length i? m -modules 
for maximal ideals m, so the statement follows from that for the local setting [BH, 3.2.12]. 

Definition 2.15. For n € Z we call A n-CY if there is a functorial isomorphism 

Hom D(ModA) (X,r[n]) = DHom D(ModA )(F,X) 

for all X, Y £ D b (fl A). Similarly we call A n-GY~ if the above functorial isomorphism 
holds for any X e D b (fl A) and Y e K b (proj A). 

We know [IR08, 3.1(7)] that A is n-CY if and only if it is n-CY" and gl.dimA < oo. 
The next two results can be found in [IR08]; we include both here since we use them 
extensively. 

Proposition 2.16. [IR08, 3.10] Let R be a commutative noetherian ring, d G N. Then 
R is d-CY~ if and only if R is Gorenstein and equi-codimensional with dimi? = d. 

From this, for brevity we often say 'R is d-CY"' instead of saying 'i? is Gorenstein 
and equi-codimensional with dimi? = d'. 

Proposition 2.17. Let R be d-CY" and let A be a module-finite R-algebra. Then 

A is d-CY~ <=> A is an R-order which is a locally symmetric R-algebra. 
Thus if A is d-CY~ then A is a Gorenstein R-order. 

Proof. The first statement is [ , 3.3(1)]. For the second, suppose A is <i-CY~ then since 
it is locally symmetric we have A m = HomR m (A m , i? m ) = Honifl(A, i?) m is a projective Am- 
module for all m G Maxi?. Hence Hoiur(A, i?) is a projective A-module, as required. □ 

The following picture for <i-CY - rings i? may help the reader navigate the terminology 
introduced above. 

d-CY i?-algebra =^> non-singular i?-order 



V 

2 17 2 17 

d-CY" i?-algebra <^-^> locally symmetric i?-order =^> Gorenstein i?-order 
The following non-local result is also useful. 

Lemma 2.18. Suppose R is a d-CY" normal domain. 

(1) If A is a module-finite R-algebra which is d-CY" and M G ref A is a height one 
progenerator, then EndA(M) is d-CY" ^=^ End A (M) G CMi?. 

(2) If N G ref R then End fl .(A r ) is d-CY" <=? Endij(iV) G CMi?. 

Proof. (1) Let V := End#(M). By 2.17 A m is a symmetric i? m -algebra for all m G Maxi?, 
thus r m is a symmetric i? m -algebra by 2.9. By 2.17, T is d-CY~ if and only if r m G CM i? m 
for all m G Maxi? if and only if V G CMi?. Thus the assertion follows. 
(2) This follows immediately from (1) since any N G ref i? is a height one progenerator 

by 2.5(3). □ 
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Throughout we shall use the definition of NCCR in the introduction (1.6) due to its 
suitability for global-local arguments. We note that it is equivalent to the definition given 
by Van den Bergh: 

Lemma 2.19. Let R be a d-CY~ normal domain, then M G ref R gives a NCCR if and 
only j/gl.dimEnd H (M) < oo and End fl (Ai) G CMR. 

Proof. (^>) obvious. 

(«=) Set A := End R (M), d := dimi?. By 2.18(2) A is d-CY~ hence by 2.17 A is a 

Gorenstein order, with gl.dimA < oo. By 2.14 A is non-singular. □ 

3. Auslander-Reiten Duality for Non-Isolated Singularities 

Let R be a d-dimensional, equi-codimensional CM ring with a canonical module wj, 
and let A be an i?-order. We denote CMA to be the stable category of CM A-modules 
and CMA to be the costable category. We have AR translation 

t := Hom H (fiio P Tr A (-), u R ) : CM A -> CMA. 

If further R is an isolated singularity then by Auslander-Reiten duality there is a functorial 
isomorphism 

Hom fl (X, Y) S D Ext^(F, tX) 

for all X, Y G CMR, where D is the Matlis dual (as in §2.4). However, in what follows 
we do not assume that R is an isolated singularity. 

If A is an i?-order as above we define Sing A := {p £ Speci? : A p is singular} to be 
the singular locus of A. Our main theorem is the following: 

Theorem 3.1. Let R be a d-dimensional, equi-codimensional CM ring with a canonical 
module Wr. Let A be an R-order with dim Sing A < 1. Then there exists a functorial 
isomorphism 

fl Hom A (X,F) = D (f I Ext A (Y,tX)) 
for allX,Y e CMA. 

For normal 3-folds, the key consequence is 3.8(2). In fact 3.1 immediately follows 
from the more general 3.2 below. Recall for X G mod A that NP(AT) := {p G Speci? : 
X p is non-projective} and CM X A := {X G CM A : dimNP(X) < 1}. 

Theorem 3.2. Let R be a d-dimensional, equi-codimensional CM ring with a canonical 
module wr. Let A be an R-order. Then there exists a functorial isomorphism 

fl Hom A (XV) = £>(fl Ext \{Y,tX)) 

for all X G CMi A and Y G CM A 

The proof of 3.2 requires the next four easy lemmas. For a finitely generated R- 
module M, denote Er(M) to be the injective hull of M. 

Lemma 3.3. If X G modi? and Y G Modi? satisfies SuppA" n AssF = 0, then 
YLouy b {X,Y) = 0. 

Proof. Let / : X — > Y be any map and X 1 := Im/. Then X' C Y is a finitely generated 
submodule such that AssX' C Supp X D AssF. Thus Ass A"' = and so since X' is 
finitely generated, X' = 0. D 

Lemma 3.4. (1) We have Er(R/p) = Eji(R/p)p as R-modules, and this is isomorphic 
to ER p (R p /\)Rp) as Rp-modules (so also as R-modules). 
(2)AssEr(R/p) = {p}. 

Proof. (1) The former assertion is [Lam, 3.77], and the latter assertion is [BH, 3.2.5]. 

(2) This is [ , 3.2.7(a)]. □ 

In what follows we often write E(M) instead of Er(M). 

p^q 



Lemma 3.5. If dim i?/p < dim i?/q then Hom^(i?/p,_E(i?/q)) = ., ,, p _ 

Rp/pRp P — 1 
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Proof. Assume p ^ q. Then q ^ Suppi?/p and we have Suppi?/p (~l Ass_E(i?/q) = by 
3.4(2). Thus we have Rom R {R/p,E(R/q)) = by 3.3. 
If p = q then by change of rings 

Uom R (R/p,E(R/p)) 3 = 4 Uom R (R/p,E(R/p) p ) = Uom Rf (R p /pR p ,E(R/p) p ) = R p /pR p 
where the last equality is just [BII, 3.2.7(b)]. □ 

Lemma 3.6. Let R be a commutative noetherian ring and X be a finitely generated R- 
module. Then we have a bijection between finite length submodules of X and finite length 
factor modules of DX, which is given by Y ^ DY . 

Proof. Maths duality D = Hom R (—,E) with E = ® m eMnxRE(R/m) gives a duality from 
the category of finite length modules to itself. Thus the assertion is valid if X has finite 
length, and in general the map is well-defined and injective. We only have to show the 
surjectivity. 

Let Z be a finite length factor module of DX. For the ideal I :— Ann^ Z, we 
have that R/I is a finite length i?-module. Now X' := Hom R (R/I,X) is a finite length 
submodulc of X, and we have 

DX' = Eom R (Hom R (R/I, X),E)) = R/I ® R Hom R (X, E) = R/I ® R DX. 

Thus Z is a factor module of DX' from our choice of I. Since X' has finite length, there 
exists a finite length submodule Y of X' (hence of X) such that DY = Z. □ 

We are now ready to prove 3.2: 

Proof. Denote T := Tr A. Consider the minimal i?-injective resolution 

-)■ uj r -> I Q -> h -> ■ ■ ■ -> h-i -> h^O 
of u>r, then 

h" ' 3 - 2 ^- 310(b)1 E{R/9)V E W p). (3.B) 

p:htp=i p:dimR/p=d— i 

In particular the Matlis dual D = Hom R (— , Id). Now since F <E CM A we have Ext R (Y, u) R ) = 
for all i > and so applying Hornby, — ) gives an exact sequence 

-► R (Y, lu r ) -*■ R (y, 7 ) -> fl(y, A) -> • • ■ -> fl(V. ^-i) -> flC^, 7 <0 -> ° 
of left A op -modules, which we split into short exact sequences as 
+ R (Y, uj r ) -> R (Y, I ) -> R (Y, h) -> R (Y, I 2 ) -»...-> R (Y, I d _ 2 ) -* R (y, 7 d _x) ■» H (y, /„) ■> . 

Ci C<i Cd-i 

Applying Hom A o P (T, — ) gives exact sequences 

Extio P (T, B (y,I d _ 1 )) ^Extio P (T )i? (y,/ d )) ► Ext£ WP (T,C«,_i) ^Extiop(T, iJ (y,/ d _ 1 )) 

Extio P (T, fl (y, 7 d _ 2 )) — > Ext A „ P (T, C d _i) ► Ext^p (T, C d _ 2 ) — > Ext A o P (T, R (Y, I d _ 2 )) 



Ext^p 1 (T, fl (y,/ 1 )) ► Extfe 1 (T,<7 2 ) >Ext A o P (T,d) >Ext% 9 (T, R (Y,I 1 )) 

Ext A op(T, fl (y,7 )) >Ext Aop (T,C 1 ) ► Extl£(T, R (Y,u R )) -> Ext A + 1 (T,«(y,/ )) 

By the assumption that A € CMi A, for all primes p such that dim_R/p > 1, we have 
X p £ projAp and so T p £ projAp P . Thus for all such primes and any j > 0, we have 

Torf(T,Y) p = To/ p (T p ,y p ) = 0. Hence for all i = 0, 1, . . ,,d - 2 and all j > 0, 



by 3.4(2) and (3.B) it follows that SuppTor^(T, Y) n Ass I { = and so consequently 

for all j > and all i = 0, 1, . . . , d - 2 t 
fifing of Horn together with the functorial 

Ext A (A, R (B, I)) = Rom R (Torf(A, B), I) 



Rom R (Torf(T, Y),I t ) = for all j > and aU i = 0, 1, . . . , d - 2 by 3.3. 

But using this vanishing of Horn together with the functorial isomorphism 
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[CE99] (where I is an injective i?-module) the above exact sequences reduce to 

HClbrftT.y), M — > fl (Tbr£ (T,Y),I d ) > Ext£„ P (T,C d _i) > R (Tor£(T, Y),/^) 

with ExtiopCT.Cd,!) « Ext A „ P (T,C d _ 2 ) S ... S Exttp^d) S Ext^T, r(Y,lj r )). 
Thus there is an exact sequence 

*(Tor^(T, Y), 7 d _!) — ► fl (Tor^(T, Y), / d ) — ► Extij$(T, R (Y, u R )) -> h(Toi^(T, Y), J„_i) 



D(Hom A pf,Y)) :— > Ext A (F,TA) 

where the left hand isomorphism follows from the well-known fact that Tot 1 (Tr X, Y) = 
Hom A (X,y) [Yos90], and the right hand isomorphism from 

Exiflg {T, r (Y,ur)) = Ext Aop (r! Aop Tr X, R (Y,u R )) = Ext A (F, fl (fi Aop TtX,lo r )) 

= Ext A (Y~,tA). 

We claim that Iiaijj has finite length. We know that Imi/i is noetherian. If Imip has 
infinite length then there exists an infinite sequence . . . — » Ys — » Y<i -» Y\ of finite length 
factor modules of Im^. By 3.6, we have an infinite ascending chain of submodules of 
Hom A (A, Y), a contradiction. Hence Im^ has finite length. 

We now claim that fl Hom fl (Tor£(T, Y), 7 d _i) = 0, from which Im^ = fl Ext A (Y, tX) 
follows. But this is easy: take a surjection R n -» Tor 2 (T, Y) of i?-modules and apply 
Homjj(— ,Id-i) to obtain -)• Hoin^Tor^T, Y), id-i) ->■ ij_i< Since m ^ Ass/ d _i by 
3.4(2) we have that I d —i does not contain any finite length submodules and so the same 
is true of Kom R (Tor%(T,Y),I d -i). 

Finally we claim that Hornf^To^ (T, Y),I d -i) has no non-zero factor modules with 
finite length, as this then implies that Kerf/; has no non-zero factor modules with finite 
length and so Im-0 = D(f\ Hom A (Jf, Y)), completing the proof. 

By the above dim R Toi^(T,Y) < 1 so Toif (T,Y~) is filtered by some R/p with 
dim R/p < 1. It follows that Hom fl (Tor^(T, Y), I d _. x ) is filtered by some Hom fl (i?/p, I d _ x ) 
with dimff'/p < 1. But by 3.5 H.om R (R/p, Id-i) — Rp/pRp when dimi?/p = 1 and 
Hom R (R/p,I d ^i) = when dimi?/p = 0, which both have no non-zero factor modules 
of finite length. Thus Hornr^Tor-L (T, Y),id-i) has no non-zero factor modules of finite 
length. □ 

When R has only isolated singularities the above reduces to classical Auslander- 
Rcitcn duality. If moreover R is a 3-CY~ ring with isolated singularities (i.e. R is a 
Gorenstein 3-dimensional equi-codimensional ring with isolated singularities), AR duality 
implies that the category CM R is 2-CY. We now apply 3.1 to possibly non-isolated 3-CY - 
rings to obtain some analogue of this 2-CY property (see 3.8(1) below). The following 
lemma is well-known: 

Lemma 3.7. Suppose R is d-CY~ and let A be a symmetric R-order. Then t = f2 A ~ , 
thus for 3- folds t _1 = J7 A . 

Proof. We have $7 2 Tr(— ) = Hom A (— , A). Since R is Gorenstein and A is symmetric, we 
have fi 2 Tr(-) = Hom A (-, A) S Eom R (-,u R ). Thus 

T = Horn R (fi A opTr(-),w R ) = Hom fl (^; p 2 Hom fl (-, Ur),ur) 

= n 2 ^ d Kom R (Kom R (-,uj R ), uj r ) 



= ^A 



2-d 



D 



Corollary 3.8. Let R be 3-CY~ and let A be a symmetric R-order with dim Sing A < 1. 

Then 

(1) There is a functorial isomorphism 

fl Ext A (A, Y) = D(fl Ext A (F, Xj) 
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for allX,Y e CM A. 

(2) If X,Y e CM A then 

Hom A (A,Y~) e CMR&f\Ext\(X,Y) = 4* fl Ext A (Y, X) = <& Hom A (y,A) e CMi?. 

Proof. (1) D(flExt A (Y,X)) = fl Hoci ^t-'X Y) * f\ Eom A (Q A X,Y) = f I Ext A (A, Y) . 
(2) Immediate from (1) and 2.6. □ 

Note that 3.8(2) also holds in greater generality by 2.8, but does not hold in the more 
general setting of CM rings. 

4. Modifying and Maximal Modifying Modules 

Motivated by the fact that Spec i? need not have a crepant resolution, we want 
to be able to control infinite global dimension algebras and hence partial resolutions of 
singularities. We begin with our main definition. 

Definition 4.1. Let R be a d- dimensional CM ring, A a module finite R-algebra. We 
call N G ref A a modifying module i/End A (./V) G CMi?, whereas we call N a maximal 
modifying (MM) module if N is modifying and furthermore it is maximal with respect to 
this property, that is to say if there exists X E ref A with N © X modifying, necessarily 
X eaddN. 

The following is trivial but worth recording: 

Lemma 4.2. Suppose R is a d-dimensional CM ring, A a module finite R-algebra. Then 

(1) The modifying A-modules which are generators are always CM. 

(2) If further R and A are both d-CY~ then the MM generators are precisely the MM 
modules which are CM. 

Proof. (1) If M is a modifying generator then End A (Af) G CMi? so M = Hom A (A, M) E 
CM R since it is a summand of End A (M). 

(2) Conversely suppose that M is a MM module which is CM. We have End A (A) <E CMi? 
by 2.17. Further R is now Gorenstein (by 2.16) and A is locally symmetric (by 2.17), thus 
since M G CM R we have 

Hom Am (A/ m , A m ) = Hom flm (M m , R m ) E CM R m 

for all m G Maxi? and so Hom A (Af,A) G CMi?. Trivially M = Hom A (A,M) G CMi?. 
Hence End A (M © A) G CMi? and so since M is maximal necessarily A G addM. □ 

Leading up to our next proposition (4.6) we require three useful technical lemmas: 

Lemma 4.3. Let R be a normal 3-CY~ ring and let A be a module finite R-algebra which 
is 3-CY~ . Let B E ref A be a modifying height one progenerator and let C E ref A. If 

— > A — > Bq — >• C — > is an exact sequence where g is a right add B -approximation, then 
the cokernel of the natural map 

Hom A (B , B) 4 Hom A (A, B) 
has finite length. 

Proof. Set T :— End A (B). Since B is a height one progenerator we have a reflexive 
equivalence F := Hom A (B, -) : ref A -> ref T by 2.5(4). Moreover T is 3-CY" by 2.18. 
Consider the exact sequence 

-)• WA -> ¥B a -> WC -> 

of T-modules. Then since WBq E projT, applying Homr( — , T) = Homr(- ,F_B) gives an 
exact sequence 

Hom r (FB ,FB) -> Rom r {¥ A,¥B) -» Extf,(FC,r) -> 

Hom A (B , B) -^^ Hom A (A, B) 

and thus Cok(/-) = Extp(FC,r). Hence we only have to show that Extp(FC, T) p = 
for any non-maximal prime ideal p of R. By 2.3 and 2.4 we have (FC) P G CMTp. 
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Since T is 3-CY~, T p is a Gorenstein i? p -order by 2.17. Consequently Extp(FC, r) p = 
Ext rp ((FC) p ,r p ) = 0, as required. D 

Lemma 4.4. Let R be a normal 3-CY~ ring and let A be a module finite R-algebra which 
is 3-CY~ . Suppose N £ ref A and M G CM A with both M and N modifying such that M 
is a height one progenerator. If — > L — > Mq — > N — > is an exact sequence where h is 
a right add M -approximation, then EndA(i © M) £ CMi?. 

Proof. Note first that since N is reflexive and M £ CM A we have L £ CM A by the depth 
lemma. From the exact sequence 

-► Hom A (Ai, L) -> Hom A (Ai, M ) -t Hom A (Ai, N) -> 

with Hom A (M, Mo) £ CMi? we see, using 2.3 and the depth lemma, that Hom A (Ai, L) £ 
CMi?. By 2.8 Hom A (L,Ai) G CMi?. Since End A (Ai) G CMi? by assumption, it suffices 
to show that End A (L) £ CMi?. By 2.6 we only need to show that fl Ext A (L, L) = 0. 
Consider now the following exact commutative diagram 

Cok/ 
Hom A ( J L, M ) f > Hom A (L, N) - -^ Ext A (i, L) > Ext A (i, M ) • 

Hom A (Ai , M ) -^ Hom A (Ai , N) 

Since Hom A (X, M) £ CMi? we know that fl Ext A (i, M ) = and so f I K = 0. Hence to 
show that fl Ext A (i, L) = we just need to show that fl Cok/ = 0. To do this consider 
the exact sequence 

Cok b -> Cok bf -)■ Cok / -> 0. (4.C) 

By 4.3 applied with B = Mq, Cok b has finite length and thus the image of the first map 
in (4.C) has finite length. Secondly note that Cok bf = Coke and fl Coke = since Coke 
embeds inside Ext A (iV, N) and furthermore fl Ext A (iV, N) = by 2.6. This means that the 
image of the first map is zero, hence Cok/ = Coke and so in particular fl Cok/ = 0. □ 

In fact, using reflexive equivalence we have the following improvement of 4.4 which 
does not assume that M is CM: 

Lemma 4.5. Let R be normal 3-CY~ and let M and N be modifying modules. If — > 
L — > Mq -^ N is an exact sequence where h is a right add Ai^ -approximation, then L © M 
is modifying. 

Proof. Note that L is reflexive since i? is normal. Denote A := Endfl(M) and F := 
Hoirifl(M, — ) : rcfi? — > ref A the reflexive equivalence in 2.5(4). Then A is 3-CY - by 
2.18, FN £ ref A, WM £ CM A and both FiV and FAf arc modifying A-modules. Further 

->■ FL ->■ FAi -> FN ->• 

is exact and trivially FAi = A is a height one progenerator such that 

-)■ Hom A (FAi,FL) ->■ Hom A (FM,FM ) ->• Hom A (FM,FJV) -^ 

is exact. By 4.4 we see that End A (FL©FAi) £ CMi?, hence End R (L®M) = End A (Fi© 
FAi) £ CM i? as required. D 

Now we are ready to prove the following crucial result (c.f. 5.13 later). 

Proposition 4.6. Let R be normal 3-CY~ and let M be a non-zero modifying module. 
Then the following are equivalent 

(1) Ai is a MM module. 

f 

(2) If N is any modifying module then there exists an exact sequence — > Mi — > Mq — > N 

with each Mi £ addM such that f is a right add M -approximation. 
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Proof. Set A := End R (M). Since M is a height one progenerator, we have a reflexive 
equivalence F := Rom R (M, -) : refi? ->■ ref A by 2.5(4). Moreover A is 3-CY" by 2.18 
and so a Gorenstein i?-order by 2.17. 
(1)=>(2) By taking a right add M-approximation of N we have an exact sequence — > 

X -)■ M 4 iV with M G addM such that ->• FX -)• FM ^ FiV -4 is exact. By 4.5 
End i? (X © M) e CMi? hence since M is a MM module, X <E addM. 
(2)^(1) Suppose N is reflexive with End fl (M © N) G CMi?. Then FN G CMi?. We 
have proj.dim A FA^ < 1 since N is a modifying module and so there is an exact sequence 
— > FMi ->• FM — ► FAT — > by assumption. Since A is a Gorenstein X!-order it follows 
that FA^ is a projective A-module by using localization and Auslander-Buchsbaum 2.13. 
Hence N 6 add M, □ 

The following version of the Bongartz completion is convenient for us. Recall from 
the introduction that throughout this paper when we say tilting module we mean a tilting 
module of projective dimension < 1 (see 1.13). 

Lemma 4.7. Suppose R is normal, M G refi? and denote A := End R (M). If N G rcf R 
is such that Hoiur(M, N) is a partial tilting A-module then there exists X G refi? such 
that Hornfj(M, N © X) is a tilting A-module. 

Proof. By 2.5 T := Hom R (M, N) and A are both reflexive. Thus since i? is normal we 
can invoke [IR08, 2.8] to deduce that there exists an X G ref A such that X© X is tilting. 
Again by 2.5 X = Kom R (M, X) for some X G rcf R. □ 

Proposition 4.8. Let R be normal 3-CY~ and suppose M is a MM module. Then 

(1) HoniR(M, — ) sends modifying R-modules to partial tilting Endfl(M) -modules. 

(2) Honifj(M, — ) sends MM R-modules to tilting End#(M) -modules. 

Proof. (1) Denote A := End R (M), let A be a modifying module and denote T := 
Hom R (M,N). Note first that proj.dim A T < 1 by 4.6 and also A is a Gorenstein R- 
order by 2.17 and 2.18. 

Since projective dimension localizes proj.dim A T p < 1 for all primes p with htp = 
2 and further for these primes T p £ CMi? p by 2.3. Since A p is a Gorenstein i? p - 
order, Auslander-Buchsbaum (2.13) implies that T p is a projective A p -module and so 
Ext A (Tp,T p ) = for all primes p with htp = 2. Consequently Ext Am (T m ,T m ) has fi- 
nite length for all m G Maxi?. On the other hand A is 3-CY - by 2.18 and End A (T) = 
End R (N) G CMi? by 2.5. Thus fl Ext Am (X m ,X m ) = for all m G Maxi? by 2.6 and so 
Ext A (X,T) = 0, as required. 

(2) Now suppose that N is also MM. By Bongartz completion 4.7 we may find X G refi? 
such that Hom^M, N®L) is a tilting End^(M)-module, thus Endij(M) and Endij(A^©X) 
are derived equivalent. Since Endij(M) is 3-CY~ so is End R (N © X) [IR08, 3.1(1)] and 
thus by 2.18 End R (N © X) G CMi?. Consequently X G add N and so Hom fi (M, N) is a 
tilting module. 

Now for the convenience of the reader we give a second proof, which shows us more 
explicitly how our tilting module generates the derived category. If A" is also MM then 
since (— )* : refi? ->• refi? is a duality, certainly N* (and M*) is MM. By 4.6 we can find 

->• N? -> N$ -> M* 

such that 

-> FY X * -> FY * -)■ FM* -> (4.D) 

is exact, where F = Eom R (N*, -). Denote T := End fl (Y*), then ExtJ,(FM*,FAf*) = 
by (1). Thus applying Homr(— ,¥M*) to (4.D) gives us the following commutative 
diagram 

-> Hom r (FM*, FM*) — > Hom r (FA r *, FM*) — > Hom r (FA^ 1 *, FM*) -» 
— >• Hom R (M*,M*) > Hom R (iV *,M*) > Kom. R (Nf, M*) — > 
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where the top row is exact. Hence the bottom row is exact. Since (— )* : ref R — > ref i? is 
a duality, this means that 

->■ Rom R (M, M) -> Hom fi (Af, N ) -)• Hom fl (M, N{) -)■ 

is exact. But denoting A := Endjj(M) and T := Hom^ (M,iV), this means we have an 
exact sequence 

O-J-A-^Tq-^TWO 

with each Tj e add T. Hence T is a tilting A-module. □ 

The following is now immediate: 

Corollary 4.9. Let R be normal 3-CY~ and let M be a MM module. Then 

(1) If N is any modifying module then the partial tilting Fm.d R (M) -module T := Hoitir(M, N) 
induces a recollement 

U ^ D(ModEnd fl (Af)) ^ D(ModEnd fl (iV)) 

where F = RHom(T, — ) and U is a certain triangulated subcategory o/D(ModEnd^(Af )). 

(2) If further N is maximal modifying then the above functor F is an equivalence. 

Proof. (1) Set A := End R (M) then T := Uom R (M, N) is a partial tilting A-module by 4.8. 
The fact that EndA(T) = Endij(iV) follows since Hom R (M, — ) is a reflexive equivalence. 
By Bongartz completion T is a summand of a tilting A-module U. We have a derived 
equivalence D(ModEnd/j(M)) s=s D (Mod EndA (U)). Moreover there exists an idempotent 
e of End\(U) such that eEnd\(U)e = EndA(T) = End R (N). Thus we have the desired 
recollement (e.g. [ , 2.17]). 
(2) is an immediate consequence. □ 

In the build-up to our next main results 4.14 and 4.15 we require four technical results 
(4.10, 4.11, 4.12 and 4.13) which ensure that membership of add M can be shown locally 
and on the derived level: 

Lemma 4.10. Let R be a commutative ring, M,N £ modi?. Denote by M® m — > N a 
right add M -approximation of N , and by iV® n — > M a right add N -approximation of M . 

Then add M C add N if and only if the morphism M® mn — > M induces a surjection 
Kom R (M, M® mn ) -» Endij(M). 

Proof. (<=) If Rom R (M,M @mn ) -> Endfj(Af) is surjective we may lift idj\/ to obtain a 
splitting for g and hence M is a summand of N® n . 

(=*>) If M £ addN then there exists M A N @t -> M with ab = idj^. For every 
tp £ End^(Af ) there is a commutative diagram 

M — ^ N w -*-> M 

■01 V>0 

f en v g 

M®mn y ]y®n > ]y[ 

where i/'o exists since g is an approximation and ipi exists since f® n is an approximation. 
Consequently ^\f® n g — aipog = abip = ip and so ip is the image of ipi under the map 
Hom R (M, M® mn ) -> Endfl(M). Thus the map is surjective. D 

Proposition 4.11. Let R be a commutative ring, M,N £ modi?. Then the following are 
equivalent: 

1. addAi C addN. 

2. addAip C &ddN p for all p £ Speci?. 

3. add Ai m C &ddN m for all m £ Maxi?. 

4. addAfp C addiV p for all p £ Speci?. 

5. add A? m C add N m for all m £ Maxi?. 
Furthermore we can replace C by equality throughout and the result is still true. 



AR DUALITY AND MM MODULES FOR NON-ISOLATED SINGULARITIES. 19 

Proof. Let / and g be as in 4.10. Then f p : M p m — y N p is a right add Mp-approximation 
and fp : Mf m — y N p is a right addMp-approximation for any p S Speci?. Similar 

statements hold for g. Since the vanishing of Cok(Hom fl (M, M® mn ) J — f End R (M)) can 
be checked locally or complete locally, all conditions are equivalent. The last statement 
holds by symmetry. □ 

Lemma 4.12. Derived equivalences are preserved under localization and completion. 

Proof. Say A is derived equivalent to B via a tilting complex T, then since ext groups 
localize (respectively, complete), T p and T p both have no self-extensions. Further A can 
be reached from T using sums, summands and cones of T, so using the localizations 
(respectively, completions) of these triangles we conclude that A p can be reached from T p 
and also A p can be reached from T p . Thus T p is a tilting A p complex and T p is a tilting 
A p complex. □ 

Proposition 4.13. Let A be a module finite R-algebra and let e be an idempotent of A. 
If eAe is derived equivalent to A, then A S addAe C mod A, i.e. Ae is a progenerator of 
A. 

Proof. By 4.11 we need to show that A p G addA p e for all p € Speci?. There is a 
derived equivalence between eA p e and A p by 4.12. Since the derived equivalence gives an 
isomorphism between Grothendieck groups of perfect derived categories, the number of 
isomorphism classes of indecomposable projective eA p e-modules is equal to that of A p . 
Thus any indecomposable projective A p -module appears in A p e as a summand, so we have 
A p e addA p e. □ 

Corollary 4.14. Let R be normal 3-CY~ and let M be a MM module. Suppose N E ref R 
such that Endfl(Af) is derived equivalent to End^(iV). Then N is also a MM module. 

Proof. By 2.18 End R (M) is 3-CY" hence so is Endfj(iV) and thus End R {N) G CM i? again 
by 2.18. Hence TV is a modifying module. Suppose that X € ref R satisfies End R (N(BX) £ 
CMR. Now 4.8(1) implies that Rom R (M, N © X) is a partial tilting End R (M) module. 
By Bongartz completion 4.7 we may find L € ref R such that Hornfj(M, N © X © L) is a 
tilting module and so End R (N) and End R (N © X © L) := A are derived equivalent since 
they are both derived equivalent to End R (M). By 4.13 

Hom fi (7V © X © L, N © X © L) = A e addAe = addHom fl (iV © X © L. N) 

so since Hom(iV © X © L, — ) : ref R — y ref A is an equivalence, N © X © L e add N and 
so in particular X e addA^. □ 

Theorem 4.15. Let R be normal 3-CY~ and let M be a MM module. Then the functor 
Hom/j(il/, — ) : modi? — > modEndfl(M) induces bijections 

(1) {maximal modifying R-modules} <— y {reflexive tilting End^(M) -modules} . 

(2) {modifying R-modules} -©— y {reflexive partial tilting End R (M)- modules} . 

Proof. (1) In light of 4.8(2) we only need to show that every reflexive tilting module is 
the image of some MM module. Thus let X be a reflexive tilting End^(M)-module; by 
reflexive equivalence there exists some N G ref i? such that Hom R (M,N) = X. We claim 
that N is MM. Since Rom R (M, N) is a tilting End fl (M)-module certainly End_fj(M) and 
F,nd R (N) are derived equivalent; the fact that N is MM follows from 4.14 above. 
(2) By 4.8(1) we only need to show that every reflexive partial tilting End R (M) module is 
the image of some modifying module. Suppose A is a reflexive partial tilting Endfl(Ai)- 
module, say X = Hom R (M, N). Then by Bongartz completion 4.7 there exists Ni E ref i? 
such that Uom R (M, N © iV x ) is a tilting End fl (M)-module. By (1) N © Ni is MM, thus 
F,nd R (N) is a summand of the CM End R (N © N{) and so is itself CM. □ 

Corollary 4.16. Let R be normal 3-CY" and let M be a MM module. Then 

(1) N is a modifying module <^=> N is the direct summand of a MM module. 

(2) i? has a MM module containing R as a summand. Necessarily this is CM. 
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Proof. (1) 'if is clear. For the 'only if let N be a modifying module, then by 4.8(1) 
Hom R (M, N) is a partial tilting Endfl(A/)-module, so the proof of 4.15(2) shows that 
there exists JVi £ ref R such that N © Ni is MM. 
(2) Apply (1) to R. The corresponding MM module is necessarily CM by 4.2. □ 

Recall from 1.5(3) we say that an i?-order A has isolated singularities if gl.dim A p = 
dim R v for all non-maximal primes p of R. 

Remark 4.17. It is unclear in what generality every maximal modification algebra 
Endii(-M) has isolated singularities. In many cases this is true — for example if R is 
itself an isolated singularity this holds, as it does whenever M is CT by 5.5. Also, if R 
is Gorenstein, X -)• Speci? with M £ ref R such that D b (cohA) = D b (modEnd#(M)), 
then provided X has at worst isolated singularities (e.g. if A is a 3-fold with terminal 
singularities) then End R (M) has isolated singularities too. This is a direct consequence of 
the fact that in this case the singular derived category has finite dimensional Horn-spaces. 
Also note that if R is normal 3-CY - then the existence of a MM algebra TZnd R (M) 
with isolated singularities implies that R v has at worst ADE singularities for all primes 
p of height 2 by a result of Auslander (see [IW08, 2.13]). Finally note that it follows 
immediately from 4.9 (and 4.12) that i f R is normal 3-CY - and there is one MM alge- 
bra Endfl(M) with isolated singularities then necessary all MM algebras End^(A) have 
isolated singularities. 

The above remark suggests the following conjecture. 

Conjecture 4.18. Let flbea normal 3-CY - ring with rational singularities. Then 

(1) R always has a MM module M (which may be R). 

(2) For all such M, End^(M) has isolated singularities. 

This is closely related to a conjecture of Van den Bergh regarding the equivalence 
of the existence of crepant and noncommutative crepant resolutions when R is a rational 
normal Gorenstein 3-fold. We remark that given the assumption on rational singularities, 
any proof is likely to be geometric. 

5. Relationship between CT modules, NCCRs and MM modules 

In this section we define CT modules for non-isolated singularities and we show that 
they are a special case of the MM modules introduced in §4. In §5.2 we show that all 
these notions recover the established ones when R is an isolated singularity. 

When R is a normal 3-CY - domain, below we prove the implications in the follow- 
ing picture which summarizes the relationship between CT modules, NCCRs and MM 
modules: 

5.5 5.1 



CT modules modules giving NCCRs MM modules => modifying modules 

if generator if 3NCCR 

5.5 5.14 

First we have the following, which is true in arbitrary dimension: 

Proposition 5.1. Let R be a d- dimensional, normal, equi-codimensional CM ring (e.g. 
if R is normal d-CY~ ) with a canonical module uj r . Then reflexive R-modules M giving 
NCCRs are MM modules. 

Proof. Assume that X £ rcfi? satisfies End R (M © X) £ CMfl. Then Eora R (M,X) £ 
CMT for T := Endij(M). By 2.14 we have Eom R (M,X) £ proj I\ By 2.5(4) X £ addM 
as required. □ 

5.1. CT Modules on Non-Isolated Singularities. 

Definition 5.2. Let R be a d-dimensional CM ring with a canonical module oj r . We call 
M £ CM R a CT module if 

addM = {X £ GMR : Rom. R (M,X) £ CMi?} = {X £ CMi? : Rom R (X,M) £ CMR}. 
We have the following easy observations. 
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Lemma 5.3. (1) Any CT module is a generator- cogenerator. 
(2) Any CT module is maximal modifying. 

Proof. Let M be a CT module. 

(1) This is clear from Hom R (M,u R ) G CMP and Eom R (R,M) G CMR. 

(2) Suppose N G ref R with End fl (M ®N) G CM P, then certainly Hom fl (Af , N) G CM R. 
Since R 6 addM by (1), we have N G CMR. Hence since M is a CT module, necessarily 

N G add M. □ 

Not every MM module is CT, however in the case when R has a CT module (which 
implies R has a NCCR by 5.12(3) below, which in turn implies by [V04b] that R has a 
crepant resolution) we give a rather remarkable relationship between CT modules, MM 
modules and NCCRs in 5.14 at the end of this subsection. 

If R is a CM ring with a canonical module ur we denote the duality (— ) v := 
Hom/{(— ,Wr). We shall see shortly that if M or M v is a generator then we may test 
the above CT condition on one side (see 5.5 below), but before we do this we need the 
following easy observation. 

Lemma 5.4. Let R be a CM ring with a canonical module oj r , M G CMR. f/End^(M) 
is a non-singular R-order, then R G add M <=> ui R G addM. 

Proof. Since (-) v : CMP -> CMR is a duality we know that End R (M v ) S End H (M)°P 
and so End^(M v ) is also a non-singular P-order. Moreover P v = cj R and w^. = R so by 
the symmetry of this situation we need only prove the 'only if part. Thus assume that 
R G addM. In this case since Eom R (M,u R ) = M v G CMP, by 2.14 Hom i? (M,w fl ) is a 
projective Endfl(M)-module and thus lu r G addAf by 2.5(1). □ 

We reach one of our main characterizations of CT modules. Note that if R is 3-CY - 
then by 2.8 the left-right symmetry in the definition of CT modules is immediate, however 
the following argument works in a little more generality: 

Theorem 5.5. Let R be a d-dimensional, equi-codimensional CM ring (e.g. if R is d- 
CY~ ) with a canonical module u) R . Then for any M G CMP the following are equivalent 

(1) M is a CT module. 

(2) R G addM and addM = {X eCMR: Hom H (M, X) G CMP}. 
(2)' uj r G addM and addM = {X eCMR: Hom H (X, M) G CMi?}. 

(3) R G addM and End^(M) is a non-singular R-order. 
(3) uj r G addM and End^(Af) is a non-singular R-order. 

In particular CT modules are precisely the CM generators which give NCCRs. 

Proof. (2)^(3). R G addAf by assumption. By (2) necessarily Endij(M) G CMi?. Now 
let Y G modEnd_R(M) and consider a projective resolution Pd-\ — > Pd-2 — > ■■■ — >• Pq — > 

Y — > 0. By 2.5(1) there is an exact sequence M^-i — > M^-i — > ... — > Mo with each 
M{ G add M such that the projective resolution above is precisely 

Eom R (M, M d -i) 4 rIom K (M, Af d _ 2 ) -> ... -> Hom fi (Af, M ) -4 F -> 0. 

Denote _?Q = Ker/. Then we have an exact sequence 

-► Hom fl (Af, A- d ) -»■ P d _! -4 P rf _ 2 -4 ... -4 P -4 F -»■ 0. 

Localizing the above and counting depths we see that Hom R (M, Kd) m G CMP m for all 

m G MaxP, thus Rom R (M,K d ) G CMi? and so by definition K d G addAf. Hence 

proj.dim End / M ) Y < d and so gl.dimEndfl(Af) < d. 

(3)^(2). Since End^(Af) G CMP, automatically addAf C {X G CMP : Uom R (M,X) G 

CMP}. To obtain the reverse inclusion assume that X G CMP with Hom R (M,X) G 

CM P, then since End#(Af ) is a non-singular P-order Hom R (M, X) is a projective End^(M) 

module by 2.14. This implies that X G addM by 2.5(1). 

(2)' ^=^ (3)' We have a duality (-) v : CMP -4 CMP thus apply (2) ^=^> (3) to Af v 

and use the fact that End#(M v ) = Endfl(M) op has finite global dimension if and only if 

Endtf(Af) does. 

(3) <=^- (3) This is immediate from 5.4. 
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In particular by the above we have (2) <^=> (2)'. Since we clearly have (1) <==> (2)+(2)', 
the proof is completed. □ 

Note that the last assertion in 5.5 is improved when R is a 3-CY - normal domain in 
5.14(3). From the definition it is not entirely clear that CT is a local property: 

Corollary 5.6. Let R be a d-dimensional, equi-codimensional CM ring (e.g. if R is d- 
CY~ ) with a canonical module ujr Then M is a CT R-module if and only if Mp is a CT 
Rp -module for all primes p. Thus CT is a local property. 

Proof. By 5.5 M is a CT i?-module if and only if R € addM and End fl (M) is a non- 
singular i?-order. By 4.11 this is equivalent to that R p G addM p and Endfl„(M p ) = 
Endjj(M) p is a non-singular R p -order for all p G SpecR. Again by 5.5 this is equivalent 
to that M p is a CT i? p -module for all p G Speci?. □ 

Theorem 5.5 also gives an easy method to find examples of CT modules. Recall that 
an element g G GL(d, k) is called pseudo-reflection if the rank of g — 1 is at most one. 
A finite subgroup G of GL(d, k) is called small if it does not contain pseudo-reflections 
except the identity. The following is well-known: 

Proposition 5.7. Let k be a field of characteristic zero, let S be the polynomial ring 
k[xi, . . . , Xd] (resp. the formal power series ring fc[[xi, . . . , Xd]]) and let G be a finite sub- 
group of Gh(d, k). 

(1) If G is generated by pseudo-reflections, then S G is a polynomial ring (resp. a formal 
power series ring) in d variables. 

(2) If G is small, then the natural map S^G — > End^S 1 ) given by sg H> (t H- s ■ g(t)) 
(s,t G S, g G G) is an isomorphism. 

Proof. (1) See [Bou68] for example. 

(2) This is due to Auslander [Aus86, Yos90] (see [IT] for a detailed proof). □ 

This immediately gives us a rich source of CT modules: 

Theorem 5.8. Let k be a field of characteristic zero, and let S be the polynomial ring 
k[x\, . . . , Xd] (resp. the formal power series ring k[[x\, . . . , Xd]]J. For a finite subgroup G 
of GL(d, k), let R — S G . If G is small, then S is a CT R-module. 

Proof. Since G is small End«(5) = 5#G by 5.7(2). Thus by 2.10 Ends (5) is a non- 
singular .R-order and so consequently S is a CT .R-module by 5.5. □ 

We can say more in the complete local setting. The following result is shown in 
[Iya07, 2.5] under the assumption that G is a small subgroup of GL(<i, k) and S G is an 
isolated singularity. We can drop both assumptions under our definition of CT modules. 

Theorem 5.9. Let k be a field of characteristic zero and let S :— k^x\, . . . ,Xd\] be the 
formal power series ring. For an arbitrary finite group G together with a group homomor- 
phism G — >• Autfc_ a ig(/S)j let R := S G . Then S is a CT R-module. 

In the proof, we need the following easy lemma. 

Lemma 5.10. Let k be a field, and let S := k[[x±, . . . ,Xd]] be the formal power series ring. 
For an arbitrary finite group G together with a group homomorphism G —> Autfc_ a i g (S) 
such that \G\ ^ in k, there exist elements yx, . . . , yd G S such that S is the formal power 
series ring k[[yi, . . . , yd]] with variables y\, . . . , yd and G acts linearly on the subspace 

Proof. For the convenience of the reader, we include a proof. 

We denote the maximal ideal of S by n. Let V :— n/n 2 . This is a k- vector space with 
a basis x\, . . . ,Xd- We naturally regard V as a subspace of S. Clearly we have gn = n and 
gv? — n 2 for any g G G. Thus we have an induced action of G on the fc-vector space V. 
For each g G G, we denote by g' G Aut/ c (V / ) the induced action. 

For all g G G and all i with 1 < i < d, we have 

g'x t - gx % G n 2 . 
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so we have 

For all i with 1 < i < d we define 

Vi ■■-- 



g l g'xi - x, e g x n 2 = n 2 . 



1 ' sec 



then we have yi — Xi G n 2 . Hence S is the formal power series ring k[[yi, . . . ,yd\] with 
variables yi,...,yd- 

Since (— )' : G — > Autk(V) is a group homomorphism, we have g' = (gh~ l )'h! for all 
h,g € G. Thus for all h G G and all i with 1 < i < d, 

h V* = lFm E hg~ l (g'xi) = p^ yVs/r 1 ) -1 ^ -1 )'^':^)) = — - V g- l (g'(tixi)). 

Thus Zi'xi € V — J2i=i k x i implies that hyi G J2i=i %»> as required. □ 

Now we are ready to prove 5.9. We use induction on \G\. Denote the kernel of 
G — > Autfc_ a ig(S') by K, then since R = S G = S G / K we can assume that the action is 
faithful. By 5.10, we can assume that G is a subgroup of GL(d, k). 

If G is small, then we have Endfl(S') ~ SjfG by 5.7(2). Since S#G is a non-singular 
i?-order by 2.10, we have the assertion by 5.5. 

Assume that G is not small. Let H be the subgroup of G generated by pseudo- 
reflections and let T := S H . Then H is a normal subgroup of G and there exists a group 
homomorphism G/H —} Autfc_ a i g (T) such that R = T G / H . By 5.7(1), T is isomorphic to 
a formal power series ring of d variables. Thus <S* is a free T-module of finite rank. By 
induction T is a CT i?-module. Thus S is also a CT i?-module, since it is a direct sum of 
copies of T. □ 

As another source of CT modules, we have: 

Example 5.11. Let Y — > X — Speci? be a projective birational morphism such that 
Rf*^Y — @x and every fibre has dimension < 1, where R is a 3-dimensional normal 
Gorenstein affine ring R . Then provided Y is smooth and crepant there exists a NCCR 
Endfl(M) [V04a, 3.2.10] in which M is CM containing R as a summand. By 5.5 M is a 
CT module. 

We now show that for R normal 3-CY - , the existence of a CT module is equivalent 
to the existence of a NCCR. Note that (2) below answers a question of Van den Bergh 
[V04b]. 

Corollary 5.12. Let R be a 3-CY~ normal domain. Then 

(1) CT modules are precisely those reflexive generators which give NCCRs. 

(2) R has a NCCR ^=^ R has a NCCR given by a CM generator M ^=> CM R 
contains a CT module. 

Proof. Notice that any reflexive generator M which gives a NCCR is CM since R is a 
summand of M and further M = Homn(R, M) is a summand of End^(M) G CM R as an 
-R-module. 

(1) By 5.5 CT modules are precisely the CM generators which give NCCRs. The assertion 
follows from the above remark. 

(2) The latter equivalence was shown in 5.5. We only have to show {=>) of the former 
assertion. By [IR08, 8.9(4)] if R has a NCCR then there exists a reflexive generator which 
give a NCCR. This is CM by the above remark. □ 

Below is another characterization of CT modules. Compare this to the previous 4.6. 

Proposition 5.13. Assume R is a 3-CY" normal domain and let M G CMi? with 
R G addM. Then the following are equivalent 

(1) M is a CT module. 

(2) End^C-M) G CMi? and further for all X G CMi? there exists an exact sequence 

— > Mi — > Mq — > X — » with Mi, Mq G add M and a right add M -approximation f . 
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Proof. (1)=>(2). Fix X G CMi?. Since R is 3-CY - , we have an exact sequence — > 
X — >• Pq — > P\ with each Pi G addi?. Applying HoniR(M, — ) to this sequence shows that 
proj.dim EndR ( M ) Hom^(Af, X) < 1 since we know that gl.dimEndfl(M) = 3 by 5.5. Con- 
sequently we may take a projective resolution — > Hom^Ai, Mi) — > Hornfj(Ai, Mo) — > 
Homii(M, X) — > which necessarily comes from a complex —} Mi —} AIq — > X — >• 0. 
This complex is itself exact since M is a generator. 

(2)=*-(l). Denote T = End R (M). By 2.18 and 2.17 T is a Gorenstein i?-order. By 
5.5 we only have to show that addM = {X 6 CMR : Rom R (M,X) G CMfl}. The 
assumption End# (M) G CMR shows that the inclusion C holds so let X £ CMi? 
be such that Hoirifl(M, X) G CMi?. By assumption we may find Mi, Mo G addM 
such that -> Eoxn R (M,Mi) -> Horn^M, M ) -> Eom R (M,X) -> is exact, hence 
proj.dim rm Homfl.(A/,X) m < oo for all m G Maxi?. Since Hom fl ,(A/,X) m G CMi? m , 
Auslander-Buchsbaum (2.13) implies that proj.dim r Eom R (M, X) m = for all m G 
Maxi? and hence Hom R (M,X) is a projective T-module. Since M is a generator, A" G 
addM. □ 

Provided an NCCR exists, the following shows the precise relationship between MM 
modules, CT modules and NCCRs. Note that 5.14(2) says that CT modules are really a 
special case of MM modules. 

Proposition 5.14. Let R be a 3-CY~ normal domain, and assume that R has a NCCR 
(equivalently, by 5.12, a CT module). Then 

(1) MM modules are precisely the reflexive modules which give NCCRs. 

(2) MM modules which are CM (equivalently, by 1^.2, the MM generators) are precisely 
the CT modules. 

(3) CT modules are precisely those CM modules which give NCCRs. 

Proof. (1) (<=) This is shown in 5.1 above. 

(=>) If M is a MM module then End fl (Af) G CMR and so by [IR08, 8.9(3)] M is the 
summand of some reflexive module giving an NCCR. Thus End#(Af © L) is a NCCR 
for some reflexive module L, so in particular End#(M © L) G CMi?. This implies that 
L G addM and so in fact End_R(M) gives an NCCR. 

(2) By (1) MM generators are precisely the CM generators which give NCCRs. By 5.5 
these are precisely the CT modules. 

(3) Follows immediately from (1) and (2). □ 

5.2. Modifying Modules on Isolated Singularities. In this subsection we relate 
our work to that of the more common notions of rigid, maximal rigid and maximal 1- 
orthogonal modules, and show that when R is an isolated singularity our new definitions 
of modifying, maximal modifying and CT modules recover the old ones. 

Recall that M G ref R is called rigid if Ext R (M, M) = 0. We call M G ref R maximal 
rigid if M is rigid and furthermore it is maximal with respect to this property, namely if 
there exists X G ref R such that M © X is rigid, then X G addM. 

Recall that M G CMi? is called a maximal l-orthogonal module if 

add M = {X G CM R : Ext R (M, X) = 0} = {X G CM R : Ext^(X, M) = 0}. 
The key observation is the following. 

Lemma 5.15. Let R be a CM ring with only isolated singularities. Then Ext R (X,Y) is 
a finite length R-module for any X, Y G CM R. 

Proof. This is well-known [Aus78, Yos90]. □ 

Proposition 5.16. Let R be 3-CY~ with only isolated singularities, M G CMi?. Then 

(1) M is a modifying module if and only if it is rigid. 

(2) M is a maximal modifying module if and only if it is maximal rigid. 

(3) M is a CT module if and only if it is maximal l-orthogonal. 

Proof. Let X,Y G CMi?. By 2.6 and 5.15 Horn^X, Y) e CMi? if and only if flExt^(A, Y) 
if and only if Ext^(A, Y) = 0. Thus the assertions follow. □ 
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6. Mutations of Modifying Modules 

6.1. General Definitions and First Properties. Mutation is a technique used to ob- 
tain new modifying, maximal modifying and CT modules from a given one. Many of our 
arguments work in the full generality of modifying modules athough sometimes it is nec- 
essary to restrict to the maximal modifying level to apply certain arguments. Throughout 
this section R will be a normal 3-CY - ring, M will be a modifying module with N such 
that 7^ addiV C addM. Note that N may or may not be decomposable. Given this, we 
define left and right mutation as in 1.19 in the introduction; we have exact sequences 

-> K A iV A M (6.E) 

-> K r 4 Nl A M* (6.F) 

where a is a right add iV-approximation and b is a right add iV*-approximation. Thus 
No,N\ £ add N and we have exact sequences 

-> Eom R (N, K ) A Hom^iV, N ) A Hom R (iV, M) -» (6.G) 

->■ HomflXiV*,^!) A Hom^Ar, A^*) A Hom fl (Ar*,M*) -> (6.H) 

From this we define n N (M) ■= N ® K Q and v N (M) := N (B Kf. 

In general right and left mutation are not the same, although in some cases we will 
see that /ijv = vn (6.14). Note it is certainly possible that /xat(M) = v^{M) — M and 
so the mutation is trivial; a concrete example is given by taking R = k[x,y, z] G with 
G= i(l, 1,0), M = k[x, y, z] and N = R. 

Firstly, we note that mutation is unique up to additive closure. This can be improved 
when R is complete local. 

Lemma 6.1. Suppose No — > M and Nq — > M are two right add N -approximations of M. 
Then add(./V © Kera) = add(./V © Kera'). A similar statement holds for left approxima- 
tions. 

Proof. Let K := Kera and K' := Kera'. Then we have a commutative diagram 

— > K — °-^ N a — ?-> M 

I s , 1* II 

— > K' — ^-> K -^-^ M 

of exact sequences, giving an exact sequence 

-> K -^4> K'(BN ^X N . (6.1) 

From the commutative diagram 

► Hom H (iV, K) —A Hom fl (Af, N ) -^A Eom R (N, M) — > 

I- , !•* , II 

> Uom R (N, K') -^ Rom R (N, N&) -^A Bom R (N : M) — > 



we see that 



■(A 
Hom H (JV, K' © N ) AA> Rom R {N, %) -» 



is exact. Thus (6.1) is a split short exact sequence, so in particular K £ add(iV © if'). 
Similarly if' £ add(iV ® K). D 

Proposition 6.2. Let R be normal 3-CY~ and let M be a modifying module with N such 
that 7^ add-/V C addM. TTien 6o£/i /j,n(M) and v^{M) are modifying R-modules. 

Proof. Immediate from 4.5. □ 

Proposition 6.3. Let R be normal 3-CY~ and let M be a modifying module with 7^ 

add A" C addili (i.e. notation as above). Then 

(1) Applying Hoiiir(— , N) to (6.E) induces an exact sequence 

-> Homjj(M, AT) A Hom R (iVo, iV) A Eom R (K Q , N) -> 0. (6.J) 
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In particular c is a left add N -approximation. 

(2) Applying Honifj(— , N*) to (6.F) induces an exact sequence 

->■ Rom R (M*,N*) 4 Homij(JV*,JV*) 4 Hom fl (A'i,iV*) -»• (6.K) 

In particular d is a left a,dd N* -approximation. 

(3) We have that 

->• M* 4 N£ 4 AT * (6.L) 

-> M 4 ATj 4 Jf* (6.M) 

are exact, inducing exact sequences 

->■ Hom R (iV*,M*) 4 Hom fl (AT*, TV*) 4 Hom^JV*, A^) -> (6.N) 

-)■ Hom^o, A"*) ^ Hom fl (AT *, AT) 4 Hom R (M*,N*) -> (6.0) 

->■ Eom R (N, M) 'K Eom R (N, AT X ) 'S Eom R (N, K{) -> (6.P) 

->■ Hom H (-KT» ^0 ^ Hom R (iVi, iV) 4 Hom fl (Af, AT) -> (6.Q) 

Proof. (1) Denote A := End H (iV) and F := Hom^Af, -). Then (6.G) is 

-> Fif ->■ FA^o ->■ FM ->■ 
so applying Hom A (— ,FiV) gives 

-> Hom A (FM,FA r ) -> Hom A (FA/o,FAO -> Hom A (F A , F N) -> Ext A (FM, A). 

But by 2.18 A is 3-CY~ and thus a Gorenstein iJ-order. Since ¥M € CM A it follows that 
Ext A (FM , A) = and hence we have a commutative diagram of complexes 

— > Hom A (FM, FAT) -> Hom A (FAr , FAT) ->• Hom A (FA:o, FN) — >• 

>■ Hom R (M, A^) -^-> Hom fi (A>o, A") -^> Hom^ATo, N) > 

in which the top row is exact. It follows that the bottom row is exact. 

(2) is identical to (1) since Rom R (N*,M*) G CMR. 

(3) As in (1) denote A := End fl (A') and F := Eam R (N, -), then applying Hom A (-,Fi?) 
to (6.G) gives an commutative diagram of complexes 

— > Hom A (FM, FA) -> Rom A (F N ,WR) h> Hom A (FA , FA) 

> Hom R (M, R) -"^ Eom R (N , R) -^ Eom R (K , R) 

in which the top row is exact. Hence the bottom row (i.e. (6.L)) is exact. The proof that 
(6.M) is exact is identical. Now since (— )* : ref R —> ref R is a duality, the sequences 
(6.N), (6.0), (6.P) and (6.Q) are identical with (6.J), (6.G), (6.K) and (6.H) respectively. 
Thus they are exact. □ 

Proposition 6.4. fi andv are mutually inverse operations, i.e. we have i/n(/j,n{M)) = M 
and {jln(i/n{M)) = M , up to additive closure. 

Proof. This is an immediate consequence of 6.3. □ 

The following is standard in the theory of tilting mutation [RS91]. 

Lemma 6.5. Let A be a ring, let Q be a projective A-module and consider an exact 
sequence A — > Q' — > Cok/ — > where f is a left add Q -approximation. If f is infective 
then Q © Cok/ is a tilting A-module of projective dimension < 1. 

Proof. For the convenience of the reader we give a complete proof here. It is clear that 
proj.dim A (Q©Cok/) < 1 and it generates the derived category. We need only check that 
Ext A (Q © Cok f,Q® Cok /) = 0. Applying Hom A (— , Q), we have an exact sequence 

Hom A (Q', Q) A Hom A (A, Q) -> Ext A (Cok/, Q) -> 0. 
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Since (/•) is surjective, we have Ext A (Cok/, Q) = 0. Applying HoniA(— , Cok/), we have 
an exact sequence 

Hom A (Q', Cok /) A Hom A (A, Cok /) ->• Ext A (Cok /, Cok /) -)■ 0. 

Here (/•) is surjective since HomA(Q', Q') -4 HomA(A, Q') and HomA(A, Q') — Y HomA(A, Cok/) 
are surjective. Thus we have Ext A (Cok/, Cok/) = 0. Consequently we have Ext A (Q © 
Cok f,Q® Cok /) = since Q is projective. □ 

Recall from the introduction that given j^ add A C add M we define [A] to be the 
two-sided ideal of End^(Af) consisting of morphisms M — > M which factor through a 
member of add A. 

Theorem 6.6. Let R be normal 3-CY~ with modifying module M. Suppose ^ add A C 
addAI, denote A = End^(Af) and define An '■= A/ [AT]. If An is artinian then 

(1) Ti := Ram R {M*,n N {M)*) is a tilting A°p -module such that End A °p(Ti) = End R (fi N {M)) op . 
Thus End/j(Af ) op and Endfl(/iAr(Af )) op are derived equivalent, so Endjj(Af) andEndij(^jv(Af)) 
are derived equivalent. 

(2) T2 := Homfl(Af, Vn(M)) is a tilting A-module such that EndA(?2) = End R (uN(M)). 
T/ims Endfi(Af) and Endjj(z/Ar(Af )) are derived equivalent. 

Proof. (1) Denote G := Hom^N*,-) and T := End fl (A*). Applying Rom R (M*,-) to 
(6.L) and Homr(GAf *, — ) to (6.N) gives a commutative diagram 

► r (GAf *, CM *) — ► r (GAf*, GA *) ► r (GAf *, GA *) -» Ext^(GAf *, GAT) 

— > Hom fl (M*, M *) ^ Hom H (M*, A*) 4 Hom R (Af*, K$) > Cok > 

hence Cok C Ext^(GAf*,GM*). We first claim that Cok = 0. On one hand Y is 3-CY~ 
by 2.18 and so by 2.6 fl Ext r (GAf *, GM*) = 0. On the other hand Hom^A*, -) applied 
to (6.L) is exact (by 6.3) so Cok is a A "^-module. Since A°^ is artinian so too is Cok, thus 
it has finite length. Hence Cok = and so 

->■ Rom R (M*,M*) -> Rom R (M*, A *) -> Rom R {M*,K£) ->• 

is exact. We now claim that this is a left-add Q approximation where Q = Hom^(Af *, A*). 
Simply applying HomA°p(— , r(M*, A*)) to the above we obtain 

a°pU(M*, N$), r(M*,N*)) — > a«pU(M*, M% r (M*,N*)) 

Hom fl (A*, A*) > Rom R (M*,N*) — > 

where the bottom is just (6.0) and so is exact. Hence the top is exact and so by 
6.5 Hom fi (M*,A*) © Rom R {M*, K*) = Rom R (M*,fx N (M)*) is a tilting A°P-module. 
That End A op(Ti) = End fi (/Xjv(M)*) = End R (^ N {M)) op is just 2.5. Hence A°p and 
End^(^jv(A/)) op are derived equivalent; it is well-known that this implies that A and 
End R (fiN(M)) are derived equivalent [R89, 9.1]. 

(2) Similarly to the above one can show that applying Rom R (M, — ) to (6.M) gives an 
exact sequence 

->■ Rom R (M, M) -> Rom R (M, A x ) ->• Rom R (M, K{) ->- 

which is an approximation. Hence by 6.5 Rom. R (M, N)®Rom R (M, K*) — Hom fl (Af, v(M )) 
is a tilting module. The statement on endomorphism rings again holds by 2.5. □ 

Remark 6.7. Note that if R is finitely generated over a field k then Ajy is artinian if and 
only if dinifc A^r < 00. Thus if the reader is willing to work over C, they may replace the 
condition An is artinian by dim c Ajy < 00 throughout. 

Theorem 6.8. Let R be normal 3-CY~ with modifying module M . Suppose ^ add A C 
addAf, denote A = End^(Af) and define An '■= A/[A]. If An is artinian then 

(1) //add A ^ addAf then add^ N (M) ^ addAf. 

(2) hn(M) is also a modifying module. Further 

(a) If M is maximal modifying then /j,n{M) is maximal modifying. 



28 OSAMU IYAMA AND MICHAEL WEMYSS 

(b) IfEnd R (M) is a NCCR then End R (fi N (M)) is a NCCR. 

(c) If M is a CT module and N is a generator then /zjv(M) is a CT module. 

(1)' 7/addA ^ addM then addv N {M) ^ addM. 
(2) vj\f(M) is also a modifying module. Further 

(a) If M is maximal modifying then v^ (M) is maximal modifying. 

(b) //Endfl(M) is a NCCR then End R (v N (M)) is a NCCR. 

(c) If M is a CT module and N is a generator then vn{M) is a CT module. 

Proof. (1) By 6.6(1) 

->■ Eom R (M*,M*) -> Rom R (M*,N*) -> Rom R (M*,K*) -> 

is exact. If this splits then by reflexive equivalence M* is a summand of Nq , contradicting 

addTV 7^ addM. Thus the above cannot split so Hom R (M* , Kq) cannot be projective, 

hence certainly Kq £ addM* and so Kq £ addM. This implies add/XMi(M) ^ addM. 

(2) Using the derived equivalence in 6.6(1) together with 2.18 twice we deduce that 

End_R(/xjy(M)) G CMR, i.e. ^at(M) is a modifying module. Alternatively just use 6.2. 

(2a) follows from 4.14. 

(2b) follows from (2a) and 5.14(1). 

(2c) follows from (2b) and 5.14(2). 

(1) Since the exact sequence in the proof of 6.6(2) cannot split, K\ £ addM. 

(2)' Is identical to (2). □ 

Remark 6.9. It is natural to ask under what circumstances the hypothesis Ajv is ar- 
tinian in 6.6, 6.8 holds. In the situation of 5.11 the answer seems to be related to the 
contractibility of the corresponding curves; we will come back to this question in future 
work. 

One case where Ajv is always artinian is when R has isolated singularities: 

Lemma 6.10. Suppose R is normal 3-CY~ . Let M be a modifying module with ^ 
addiV C addM, denote A = End R (M) and set A N = A/[N}. Then 

(1) dim^AAr < 1. 

(2) depth Rm (A N ) m < 1 for all m € Maxi?. 

(3) If R is an isolated singularity then An is artinian. 

(4) 7/proj.dim A A^r < oo then inj.dim Ajv Ajy < 1. 

Proof. (1) We know that dim Sing R < 1 since R is normal. Now because N G addM we 
may write End_ft(M") = End^(iV © T) say. Then since End_R,(Af ) is Morita equivalent 
to End R {M n ), we have that Ajv is Morita equivalent to End R (N © T)/[N] where [N] 
again denotes the two-sided ideal of those morphisms which factor through a member of 
addiV. Let p G Speci? with dimi?/p > 1. We show that (End R (N ®T)/[N]) p = as 
via the Morita equivalence this shows that (Aat) p = and hence dim^Ajv < 1. But 
{End R (N © T)/[N]) p = End^,,, (N p © T P )/[N] P and Endi?,, (N p © T p ) is some matrix ring 
over R p since N p © T p is a reflexive module over a regular local ring R p with dim R p < 1, 
thus is a free R p -module. Obviously [N] C End^(A^ © T) contains the idempotent e : 

/10\ ' /10\ 

N © T V T N © T. Now e p : N p © T p V T N p © T p is non-zero since N p ^ 0, thus [N] p 
contains the non-zero idempotent e p . But for matrix algebras every non-zero idempotent 
generates the ring. Consequently (Ajy) p = 0. 

(2) is immediate from (1). 

(3) If R is isolated then by (1) dim^Ajv = and so A^r is supported only at a finite 
number of maximal ideals. Hence Ajv has finite length and so A^v is artinian. 

(4) Notice that A is 3-CY~ by 2.18. Hence the assertion follows from [IR08, 5.5(3)] 
for 3-CY algebras, which is also valid for 3-CY" algebras under the assumption that 
proj.dim A Ajv < oo. □ 

We now show that mutation does not change the factor algebra Ajv. Suppose M is 
modifying and N is such that ^ add N C add M, and consider an exchange sequence 

-► K A- No 4 M. 
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We know by definition that a is a right add A-approximation, and by (6. J) that c is a left 
add TV-approximation. 

Since An is by definition End#(Af ) factored out by the ideal of all morphisms M — > M 
which factor through a module in add N, in light of the universal property of the map a, 
this ideal is the just the ideal I a of all morphisms M — > M which factor as xa where x is 
some morphism M — > N . Thus Ajy = End_R(M)// . 

On the other hand taking the choice /j,n(M) = Ko N coming from the above 
exchange sequence, A^y is by definition End/f(^jv(M)) = End^ATo © N) factored out by 
the ideal of all morphisms Ko © N — $■ Ko © N which factor through a module in add Af. 
Clearly this is just End#(-Ko) factored out by those morphisms which factor through 
addA^. In light of the universal property of the map c, A^- = End^(ATo)/^c where I c 
is the ideal of all morphisms Kq —} Kq which factor as cy where y is some morphism 
K ->N . 



A' N . In 



Theorem 6.11. With the choice of exchange sequence as above, we have Ajv 
particular 

(1) A'^ is independent of the choice of exchange sequence, up to isomorphism. 

(2) Ajv is artinian if and only if A' N is artinian. 

Proof. We construct a map Ajv = End,R,(Af)// a — > End_R(AT )// c = A^ as follows: given 
/ G Endfl(Af) we have 











Ko- 

3h f 

K — 



^No — 

3 9/ 



^M 



->N< 



o 



->M 



where the gf exists (non-uniquely) since a is an approximation. Define a : Aj — > A'j by 
a(f + I a ) = hf + I c . Note first that this is independent of the choice of gf, for if g'* is 
another morphism such that g'^a = af then 



-*N< 



3h', 







Ko 



o ~ 

9', 

-^No- 



-+M 



->M 



From this (gf—g'f)a — a{f — f) = and so there exists y : No — > Ko such that yc = gf — g'f. 
Hence eye — c(gf — g'A = {hf — h!f)c and so since c is a monomorphism cy — hf — h'f. 
Consequently hf + I c = h'f + I c and so a is independent of the choice of gf. 

Due to the independence of the choice of gf it follows immediately that a is an 
algebra homomorphism provided that it is well-defined. But a is well defined since if 
fx + I a = f 2 + I a then there exists x : M — > No such that xa = f\ — f 2 . Thus (ax — 
S/i + gf 2 )a = so there exists y : No — > Ko such that yc = ax — gf t + gf 2 . This implies 
—eye = c(gf 1 — gf 2 ) — (hf t — hf 2 )c so since c is a monomorphism — cy = hf t — hf 2 and so 
a(/i + la) = h fl + I c = hf 2 + I c = a(f 2 + I a ) as required. 

We now show that a is onto. Let t : Ko — > Kq be any morphism then on dualizing 
we have 



O^Af* 



O^M* 



-+NZ 



-+K* 



^No*^^K* Q 



where the rows are exact by (6.L), s exists (non-uniquely) by (6.N) and r exists since a* 
is the kernel of c* . Dualizing back gives a commutative diagram 











Ko 



Ko 



^No 



■+N 



->M 



-> Af 



and so it follows that a(r* + I a ) = t + I c 
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Finally, a is injective. To see this suppose a(/i + I a ) = ot{fi + la) then there exists 
y : No — > Kq such that hf\ — hf 2 = cy. Hence c(yc — gf t + gf 2 ) = and so since by (6. J) 

-► Hom H (M, N ) A Kom R (N ,N ) A Eom R (K Q , N ) -> 0. 

is exact there exists x : M — > No such that ax = yc — gf 1 + gf 2 . This implies that 
a(xa — /i + fz) = 0, but denoting F = Horn/? (A ', — ) we have a commutative diagram 

— > Hom(FM, ¥M) — > Uom(FN Q ,FM) — > Hom(Fir , FM) 

Hom R (M, M) -^A Hom fi (iVo, M) -^ Hom fl (7^ , M) 

from which we see that a- is injective. Consequently xa— /1+/2 = and so fi+I a = /2+A, 
as required. D 

6.2. Complete Local Case. From now on we assume that R is a complete local nor- 
mal Gorenstein three-dimensional ring, then since we have Krull-Schmidt decompositions 
we can say more than in the previous section. Note that with these assumptions R is 
automatically 3-CY - by 2.16. For a modifying module M we write 

M = Mi © . • . © M n = Mi 

as its Krull-Schmidt decomposition into indecomposable submodules, where I = {1, . . . , n}. 
With the new assumption on R we may take minimal approximations and so the setup 
in the previous section can be simplified: for ^ J C I set Mj := (Bj^jMj and 
-§j := ® ieI \jMi. Then 

(a) Denote Lq A Mj to be a right add(w-)-approximation of Mj which is right 



minimal If M- contains R as a summand then necessarily a is surjective. 



(b) Similarly denote L* — ► MJ to be a right add(||r r )-approximation of Mj which is 

right minimal. Again if -M- contains R as a summand then b is injective. 

Recall that a morphism a : X — > Y is called right minimal if any / G End/? (AT) satisfying 
a = fa is an automorphism. In what follows we denote the kernels of the above right 
minimal approximations by 

-S- Co A L A Mj and ->■ d A L\ A M}. 
This recovers the mutations from the previous subsection: 
Lemma 6.12. With notation as above, /i_m_(M) = M- © Co and v m (M) = -tt- © C*. 

Proof. There is an exact sequence 

-+ Co A> Lo © jj£ ( A } Mj © £ = M -> 

with Lo © -jjf- G add -^- such that Hom#(^-, — ) is exact. The result follows from 6.1. 
The other statement is similar. □ 

Since we have minimal approximations from now on we define our mutations in terms 
of them. We thus define Hj(M) := C © -^ and v.j{M) := C x * © ^. When J = {i} we 
often write i/j and /x^ instead of Vu\ and // u\ respectively. 

We now characterize when the mutation of an indecomposable summand is trivial. 
Note that using the above definition of mutation involving minimal approximations, /i 
and v are now inverse operations up to isomorphism, not just additive closure. This 
strengthens 6.4. 

Theorem 6.13. Suppose R is a complete local normal Gorenstein three-dimensional ring 
and let M be a MM module with indecomposable summand Mj. Denote A = Endij(M), 
let ei be the idempotent corresponding to Mi and denote Aj = A/A(l — ej)A. Suppose Aj 
is not artinian, then /Xj(M) = Vi(M) = M . 
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Proof. We first show that proj.dim A Aj < oo. The sequence 

-> Co ->■ L ->■ Mi 

gives 

-► Hom fl (M, Co) ->■ Hom R (M, L ) -* Hom fl (Af, M. ( ) -+ A* ->• 

where Hom#(Af, L ) and Homfl(Af, Mj) are projective A-modules. But Co is a modifying 
module by 6.2 so by 4.6 we know that proj.dim A Honifl(M, Co) < 1 and hence certainly 
proj.dim A A, < 3. 

Now it is always true that depth Aj < dimAj < inj.dim A . Aj by [GN02, 3.5] (see 
[IR08, 2.1]). Since proj.dim A Aj < 3 by 6.10(4) we know inj.dim Ai Aj < 1. This being 
the case depth Aj = inj.dim A . Aj by Ramras [Ram, 2.15]. If dimAj = then Supp fl Aj 
contains only the maximal ideal and so Aj has finite length, contradicting the assumption 
that Aj is not artinian. Thus depth Aj = dimAj = inj.dim A . Aj = 1. 

Now A is a Gorenstein P-order by 2.17 and 2.18 so by Auslander-Buchsbaum 2.13, 
since proj.dim A Aj < oo necessarily proj.dim A Aj = 3 — depth Aj = 2. Thus we have a 
minimal projective resolution 

->• P 2 ->• Pi -U Aej ->■ A, ->• 0. (6.R) 

where / is a minimal right addA(l — ej)-approximation since it is a projective cover of 
A(l - ej)Aej. By [ LOS, 3.4(5)] we have 

Ext A (Aj,A)SExtJj(Aj,P) 

and this is a projective A op -module by [GN02, 1.1(3)]. Since Ext^(Ext^(A 4 , R), R) = A t 
and Aj is a local ring, we have Ext^(Aj,P) = Aj as A op -modules. Applying Hom A (— , A) 
to (6.R) gives an exact sequence 

Hom A (Pi, A) -> Hom A (P 2 , A) -)■ Aj -> 

which gives a minimal projective presentation of the A op -module Aj. Thus we have 
Hom A (P 2 , A) = e 4 A and P 2 = Ae,. 

Under the equivalence Hoiur(A/, — ) : addAf — > projA, the sequence (6.R) corre- 
sponds to a complex 

-> Mi \L ^M t 
with g a minimal right add -^--approximation. Since the induced morphism Mi — > Ker g 
is sent to an isomorphism under the reflexive equivalence Honifl(Af, — ) : ref R — > ref A 
(2.5(4)), it is an isomorphism and so ft. = ker g. Consequently we have /Xj(M) = -^-©Afj = 
M. This implies that i/»(M) = M by 6.4. □ 

Summarizing what we have proved, in the complete local case we have 

Theorem 6.14. Suppose R is a complete local normal three-dimensional Gorenstein ring 
with maximal modifying module M . Denote A = End^(Af ), let Mi be an indecomposable 
summand of M and consider Aj := A/A(l — ej)A where ej is the idempotent in A corre- 
sponding to Mi. Then 

(1) If Aj is not artinian then /Zj(M) = Vi{M) = M . 

(2) If Aj is artinian then fj,i(M) — Vi(M) and this is not equal to M. 
In either case denote fii := /ij = Vi then it is also true that 

(3) mm(M) = M. 

(4) Hi(M) is a maximal modifying module. 

(5) Endij(Af) and End.fj(/Uj(-M)) are derived equivalent, via the tilting Endjj(Af) -module 
Hom«(M,A*i(M)). 

Proof. (1) is 6.13. 

(2) M, (h(M) and Vi(M) are all MM modules by 6.8, thus by 4.15(1) both Eom R (M, m{M)) 
and HoniR(M, Vi(M)) are tilting Endij(M) modules. But since /ij(M) ^ M and Vi(M) ^ 
M (by 6.8) neither of these tilting modules equal Hom/j(M, M). Further by construction 
Honifj(M, Hi(M )) and HoniR(M, z/j(M)) share all summands except possibly one, thus by 
Riedtmann-Schofield [RS91] necessarily it is true that Hom^f (M, /Xj(M)) = Hom^(M, Vi(M)). 
By reflexive equivalence we deduce that /Xj(M) = Vi{M). 
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OSAMU IYAMA AND MICHAEL WEMYSS 



The remainder is trivially true in the case when A, is not artinian (by 6.13), thus 
we may assume that Aj is artinian. Now Hi(j,i{M) — iii{viM) — Hi(C* © jj-) = K © jj- 
where K is the kernel of a minimal left add -^--approximation of C* . But by a similar 
version of (6.M) and (6.P) we know K — Mi. Thus (3) follows. (4) is contained in 6.8 
and (5) is 6.6(2). □ 

Example 6.15. Consider the group §(1, 1,0) © | (0,1,1) and let R = k[[x,y, z]] G . We 

know by 5.8 that M = k[[x,y,z]] is a CT i?-module, and in this example it decomposes 
into 4 summands R © Mi © M 2 © M 3 with respect to the characters of G. The quiver of 
Endfl(M) is the McKay quiver 



Mi, 



*M 2 



Vy 



:f^M 3 



and so to mutate at M% it is clear that the relevant approximation is 



R © Mi © M 3 ^ M 2 -> 

Thus the mutation at vertex M 2 changes M = R®M X ® M 2 © M 3 into R @ Mi © K 2 © M 3 
where if 2 is the kernel of the above map which (by counting ranks) has rank 2. On the 
level of quivers of the endomorphism rings, this induces the mutation 



o 




Mi 



M- 



o 



Due to the relations in the algebra End/j(/i2(M)) (which we suppress), the mutation at 
Mi and M3 in the new quiver are trivial, thus in End/j (/i 2 (M)) the only vertex we can 
mutate at is K 2l which gives us back our original M . By the symmetry of the situation 
we obtain the mutation graph 



R®Mi®M 2 ®K 3 



R,(BK 1 (BM 2 ®M 3 R®M 1 ®M- 2 ®M 3 R®M 1 ®K 2 ®M 3 

We remark that mutating at any of the decomposable modules Mi © M 2 , Mi © M3, 
M 2 © M 3 or Mi © M 2 © M 3 gives a trivial mutation. 
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